Non-cooperative scheduling of multiple bag-of-task applications by Legrand, Arnaud & Touati, Corinne
HAL Id: inria-00070206
https://hal.inria.fr/inria-00070206v2
Submitted on 13 Sep 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Non-cooperative scheduling of multiple bag-of-task
applications
Arnaud Legrand, Corinne Touati
To cite this version:
Arnaud Legrand, Corinne Touati. Non-cooperative scheduling of multiple bag-of-task applications.
[Research Report] RR-5819, INRIA. 2006, pp.31. ￿inria-00070206v2￿
appor t  


































INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Non-Cooperative Scheduling of Multiple
Bag-of-Task Applications
Arnaud Legrand — Corinne Touati
N° 5819 – version 2
version initiale Janvier 2006 – version révisée Septembre 2006

Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)
Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52
◆♦♥✲❈♦♦♣❡r❛t✐✈❡ ❙❝❤❡❞✉❧✐♥❣ ♦❢ ▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲❚❛s❦
❆♣♣❧✐❝❛t✐♦♥s
❆r♥❛✉❞ ▲❡❣r❛♥❞∗✱ ❈♦r✐♥♥❡ ❚♦✉❛t✐†
❚❤è♠❡ ◆❯▼ ✖ ❙②stè♠❡s ♥✉♠ér✐q✉❡s
Pr♦❥❡t ▼❊❙❈❆▲
❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✺✽✶✾ ✕ ✈❡rs✐♦♥ ✷‡✖ ✈❡rs✐♦♥ ✐♥✐t✐❛❧❡ ❏❛♥✈✐❡r ✷✵✵✻ ✖ ✈❡rs✐♦♥
ré✈✐sé❡ ❙❡♣t❡♠❜r❡ ✷✵✵✻ ✸✶ ♣❛❣❡s
❆❜str❛❝t✿ ▼✉❧t✐♣❧❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❡①❡❝✉t❡ ❝♦♥❝✉rr❡♥t❧② ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s
❝♦♠♣❡t❡ ❢♦r ❈P❯ ❛♥❞ ♥❡t✇♦r❦ r❡s♦✉r❝❡s✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❛♥❛❧②③❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ K
♥♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧❡rs ✉s✐♥❣ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② t❤❛t ♠❛①✐♠✐③❡ t❤❡✐r ❡✣❝✐❡♥❝②✳
▼❡❛♥✇❤✐❧❡ ❢❛✐r♥❡ss ✐s ❡♥s✉r❡❞ ❛t ❛ s②st❡♠ ❧❡✈❡❧ ✐❣♥♦r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❝❤❛r❛❝t❡r✐st✐❝s✳ ❲❡
❧✐♠✐t ♦✉r st✉❞② t♦ s✐♠♣❧❡ s✐♥❣❧❡✲❧❡✈❡❧ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s ❛♥❞ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛♣♣❧✐✲
❝❛t✐♦♥s ❝♦♥s✐st ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s✳ ❚❤❡ t❛s❦s ♦❢ ❛ ❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥
❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts✱ ❜✉t t❤❡s❡ r❡q✉✐r❡♠❡♥ts
❝❛♥ ✈❛r② ❢r♦♠ ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛♥♦t❤❡r✳ ❚❤❡r❡❢♦r❡✱ ❡❛❝❤ s❝❤❡❞✉❧❡r ❛✐♠s ❛t ♠❛①✐♠✐③✐♥❣
✐ts t❤r♦✉❣❤♣✉t✳ ❲❡ ❣✐✈❡ ❝❧♦s❡❞✲❢♦r♠ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡❛❝❤❡❞ ❜② s✉❝❤ ❛ s②st❡♠
❛♥❞ st✉❞② ✐ts ♣❡r❢♦r♠❛♥❝❡s✳ ❲❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤✐s ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠
✐s P❛r❡t♦✲♦♣t✐♠❛❧ ❛♥❞ s❤♦✇ t❤❛t ❡✈❡♥ t❤♦✉❣❤ ♥♦ ❝❛t❛str♦♣❤✐❝ s✐t✉❛t✐♦♥ ✭❇r❛❡ss✲❧✐❦❡ ♣❛r❛✲
❞♦①✮ ❝❛♥ ♦❝❝✉r✱ s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❜❛❞ ❢♦r ❛♥② ❝❧❛ss✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡
♠❡❛s✉r❡✳
❑❡②✲✇♦r❞s✿ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs✱ ♠❛st❡r✲s❧❛✈❡ t❛s❦✐♥❣✱ st❡❛❞②✲st❛t❡✱ t❤r♦✉❣❤♣✉t✱
♥♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣✱ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✱ ❇r❛❡ss✲❧✐❦❡ ♣❛r❛❞♦①
∗ ❈◆❘❙✱ ■◆❘■❆ ▼❊❙❈❆▲
† ❖❙❉P ▲❛❜♦r❛t♦r②✱ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❞❡♣❛rt♠❡♥t✱ ❚s✉❦✉❜❛ ❙❝✐❡♥❝❡ ❈✐t②✱ ❏❛♣❛♥
‡ ▼♦❞✐✜❝❛t✐♦♥ t♦ ✐♥❝❧✉❞❡ t❤❡ ❛✣❧✐❛t✐♦♥ ♦❢ ❈♦r✐♥♥❡ ❚♦✉❛t✐ ✇❤♦ ✇❛s ♥♦t ♣❛rt ♦❢ t❤❡ ▼❊❙❈❆▲ ♣r♦❥❡❝t
❛t t❤❡ t✐♠❡ ♦❢ ✇r✐t✐♥❣✳
❖r❞♦♥♥❛♥❝❡♠❡♥t ♥♦♥✲❝♦♦♣ér❛t✐❢ ❞✬❛♣♣❧✐❝❛t✐♦♥s ré❣✉❧✐èr❡s
❘és✉♠é ✿ ▲♦rsq✉❡ ♣❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s s✬❡①é❝✉t❡♥t s✐♠✉❧t❛♥é♠❡♥t s✉r ✉♥❡ ♣❧❛t❡✲❢♦r♠❡
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❞✬❛❝❝ès ❛✉① r❡ss♦✉r❝❡s ❡st ❞♦♥❝ ❛ss✉ré❡ ❛✉ ♥✐✈❡❛✉ ❞✉ s②stè♠❡ s❛♥s t❡♥✐r ❝♦♠♣t❡ ❞❡s
s♣é❝✐✜❝✐tés ❞❡s ❞✐✛ér❡♥t❡s ❛♣♣❧✐❝❛t✐♦♥s✳ ◆♦✉s ❧✐♠✐t♦♥s ♥♦tr❡ ét✉❞❡ ❛✉① s✐♠♣❧❡s ♣❧❛t❡s✲
❢♦r♠❡s ♠❛îtr❡✲❡s❝❧❛✈❡ ❛r❜♦r❡s❝❡♥t❡s à ✉♥ s❡✉❧ ♥✐✈❡❛✉ ❡t ❛✉ ❝❛s ♦ù ❝❤❛q✉❡ ❛♣♣❧✐❝❛t✐♦♥
❡st ❝♦♥st✐t✉é❡ ❞✬✉♥ très ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ tâ❝❤❡s ✐♥❞é♣❡♥❞❛♥t❡s✳ ▲❡s tâ❝❤❡s ❞✬✉♥❡ ♠ê♠❡
❛♣♣❧✐❝❛t✐♦♥ ♦♥t t♦✉t❡s ❧❡s ♠ê♠❡s ❜❡s♦✐♥s ❡♥ t❡r♠❡ ❞❡ ❝❛❧❝✉❧ ❡t ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♠❛✐s
❝❡s ❜❡s♦✐♥s ♣❡✉✈❡♥t ✈❛r✐❡r ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ à ❧✬❛✉tr❡✳ ❉❛♥s ✉♥ t❡❧ ❝♦♥t❡①t❡✱ ✐❧ ❡st ♥❛t✉r❡❧
q✉❡ ❝❤❛q✉❡ ❛♣♣❧✐❝❛t✐♦♥ ❝❤❡r❝❤❡ à ♦♣t✐♠✐s❡r s♦♥ ♣r♦♣r❡ ❞é❜✐t✳ ◆♦✉s ❞♦♥♥♦♥s ❞❡s ❢♦r♠❡s
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❝♦❧❧❛❜♦r❛t✐♦♥ ♦❢ ♠❛♥② ♣❡♦♣❧❡✳ ❚❤✉s✱ t❤❡ s❝❛❧✐♥❣ ❡✈♦❧✉t✐♦♥ ✇❡ ❛r❡ ❢❛❝✐♥❣ ✐s ♥♦t ♦♥❧②
❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❛♠♦✉♥t ♦❢ ❞❛t❛ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣✉t❡rs ❜✉t ❛❧s♦ ✇✐t❤ t❤❡ ♥✉♠❜❡r
♦❢ ✉s❡rs ❛♥❞ t❤❡ ❞✐✈❡rs✐t② ♦❢ t❤❡✐r ❜❡❤❛✈✐♦r✳ ❚❤❡r❡❢♦r❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥
r❡s♦✉r❝❡s ❤❛✈❡ t♦ ❜❡ ❢❛✐r❧② s❤❛r❡❞ ❜❡t✇❡❡♥ ✉s❡rs✱ ♦t❤❡r✇✐s❡ ✉s❡rs ✇✐❧❧ ❧❡❛✈❡ t❤❡ ❣r♦✉♣ ❛♥❞
❥♦✐♥ ❛♥♦t❤❡r ♦♥❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✈❛r✐❡t② ♦❢ ✉s❡r ♣r♦✜❧❡s r❡q✉✐r❡s r❡s♦✉r❝❡ s❤❛r✐♥❣ t♦ ❜❡
❡♥s✉r❡❞ ❛t ❛ s②st❡♠ ❧❡✈❡❧✳ ❲❡ ❝❧❛✐♠ t❤❛t ❡✈❡♥ ✐♥ ❛ ♣❡r❢❡❝t s②st❡♠ ✇❤❡r❡ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥
❝♦♠♣❡t✐♥❣ ♦♥ ❛ ❣✐✈❡♥ r❡s♦✉r❝❡ ❛❧✇❛②s r❡❝❡✐✈❡s t❤❡ s❛♠❡ s❤❛r❡ ❛s t❤❡ ♦t❤❡r ♦♥❡s ❛♥❞ ✇❤❡r❡
♥♦ ❞❡❣r❛❞❛t✐♦♥ ♦❢ r❡s♦✉r❝❡ ✉s❛❣❡ ✭❡✳❣✳ ♣❛❝❦❡t ❧♦ss ♦r ❝♦♥t❡①t s✇✐t❝❤✐♥❣ ♦✈❡r❤❡❛❞✮ ♦❝❝✉rs
✇❤❡♥ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✉s❡ ❛ ❣✐✈❡♥ r❡s♦✉r❝❡✱ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ✉s❛❣❡ ♦❢ t❤❡
s②st❡♠ ❧❡❛❞s t♦ ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ❞❡❣r❛❞❛t✐♦♥ ❛♥❞ r❡s♦✉r❝❡ ✇❛st✐♥❣✳ ■♥
t❤✐s ❝♦♥t❡①t✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr✐❜✉t✐♦♥s✿
❼ ❲❡ ♣r❡s❡♥t ❛ s✐♠♣❧❡ ②❡t r❡❛❧✐st✐❝ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ s②st❡♠✲❧❡✈❡❧ ❢❛✐r♥❡ss ❢❛✐❧s t♦
❛❝❤✐❡✈❡ ❛ r❡❧❡✈❛♥t ❛♣♣❧✐❝❛t✐♦♥✲❧❡✈❡❧ ❢❛✐r♥❡ss✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ st✉❞② t❤❡ s✐t✉❛t✐♦♥
✇❤❡r❡ ♠✉❧t✐♣❧❡ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥s✐st✐♥❣ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧
t❛s❦s ❡①❡❝✉t❡ ❝♦♥❝✉rr❡♥t❧② ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ❛♥❞ ❝♦♠♣❡t❡ ❢♦r ❈P❯ ❛♥❞
♥❡t✇♦r❦ r❡s♦✉r❝❡s✳ ❆s t❤❡ t❛s❦s ♦❢ ❛ ❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥ ❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♠♣✉t❛✲
t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts ✭❜✉t t❤❡s❡ r❡q✉✐r❡♠❡♥ts ❝❛♥ ✈❛r② ❢♦r ❞✐✛❡r❡♥t
❛♣♣❧✐❝❛t✐♦♥s✮✱ ❡❛❝❤ s❝❤❡❞✉❧❡r ❛✐♠s ❛t ♠❛①✐♠✐③✐♥❣ ✐ts t❤r♦✉❣❤♣✉t✳ ❚❤✐s ❢r❛♠❡✇♦r❦
❤❛❞ ♣r❡✈✐♦✉s❧② ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❛ ❝♦♦♣❡r❛t✐✈❡ ❝❡♥tr❛❧✐③❡❞ ❢r❛♠❡✇♦r❦ ❬❇▲❈❏❋+✵✻❪✳
❚❤❡ r❡s♦✉r❝❡ s❤❛r✐♥❣ ❛s♣❡❝t ✇❛s t❤❡r❡❢♦r❡ ♥♦t ♣r❡s❡♥t ❛♥❞ ✐s ❡①t❡♥s✐✈❡❧② ❞❡s❝r✐❜❡❞
✐♥ ❙❡❝t✐♦♥ ✷✳
❼ ❲❡ ✜rst ❝❤❛r❛❝t❡r✐③❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✶ t❤❡ ♦♣t✐♠❛❧ s❡❧✜s❤ str❛t❡❣② ❢♦r ❡❛❝❤ s❝❤❡❞✉❧❡r
✭✐✳❡✳ t❤❡ s❝❤❡❞✉❧✐♥❣ str❛t❡❣② t❤❛t ✇✐❧❧ ♠❛①✐♠✐③❡ ✐ts ♦✇♥ t❤r♦✉❣❤♣✉t ✐♥ ❛❧❧ ❝✐r❝✉♠✲
st❛♥❝❡s ❛♥❞ ❛❞❛♣t t♦ ❡①t❡r♥❛❧ ✉s❛❣❡ ♦❢ r❡s♦✉r❝❡s✮ ❛♥❞ t❤❡♥ ♣r♦♣♦s❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✷
❡q✉✐✈❛❧❡♥t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ s✉❝❤ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧❡rs ❝♦♠♣❡t✐t✐♦♥✳
❼ ❚❤❡ ♣❛rt✐❝✉❧❛r✐t✐❡s ♦❢ t❤❡s❡ r❡♣r❡s❡♥t❛t✐♦♥s ❡♥❛❜❧❡ ✉s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ str✉❝t✉r❡
♦❢ t❤❡ r❡s✉❧t✐♥❣ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛s ✇❡❧❧ ❛s ❝❧♦s❡❞✲❢♦r♠ ✈❛❧✉❡s ♦❢ t❤❡ t❤r♦✉❣❤♣✉t
♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✸ ❛♥❞ ✸✳✹✮✳
❼ ❯s✐♥❣ t❤❡s❡ ❝❧♦s❡❞✲❢♦r♠ ❢♦r♠✉❧❛s✱ ✇❡ ❞❡r✐✈❡ ✐♥ ❙❡❝t✐♦♥ ✹ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t
❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s②st❡♠ ♣❛r❛♠❡t❡rs ✭✐♥ t❡r♠ ♦❢ ❜❛♥❞✇✐❞t❤✱ ❈P❯ s♣❡❡❞✱ ✳ ✳ ✳ ✮ ❢♦r
t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ❜❡ P❛r❡t♦✲♦♣t✐♠❛❧✳ ❲❡ ❛❧s♦ q✉✐❝❦❧② st✉❞② t❤❡
❞❡❣r❡❡ ♦❢ ✐♥❡✣❝✐❡♥❝② ♦❢ t❤✐s ❡q✉✐❧✐❜r✐✉♠ t❤r♦✉❣❤ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✳
❼ ❲❤❡♥ st✉❞②✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐❛✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦♥♦✇ ✇❤❡t❤❡r
♣❛r❛❞♦①✐❝❛❧ s✐t✉❛t✐♦♥s ❧✐❦❡ t❤❡ ♦♥❡s ❡①❤✐❜✐t❡❞ ❜② ❇r❛❡ss ✐♥ ❤✐s s❡♠✐♥❛❧ ✇♦r❦ ❬❇r❛✻✽❪
❘❘ ♥➦ ✺✽✶✾
✹ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐
❝❛♥ ♦❝❝✉r✳ ■♥ s✉❝❤ s✐t✉❛t✐♦♥s✱ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ r❡s♦✉r❝❡ ✭❛ ♥❡✇ ♠❛❝❤✐♥❡✱ ♠♦r❡
❜❛♥❞✇✐❞t❤ ♦r ♠♦r❡ ❝♦♠♣✉t✐♥❣ ♣♦✇❡r ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✮ ❝❛♥ r❡s✉❧t ✐♥ ❛ s✐♠✉❧t❛♥❡♦✉s
❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❧ t❤❡ ✉s❡rs✳ ❙✉❝❤ s✐t✉❛t✐♦♥s ♦♥❧② ♦❝❝✉r ✇❤❡♥
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ♥♦t P❛r❡t♦✲♦♣t✐♠❛❧✱ ✇❤✐❝❤ ♠❛② ❜❡ t❤❡ ❝❛s❡ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✳
❲❡ ✐♥✈❡st✐❣❛t❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✹ ✇❤❡t❤❡r s✉❝❤ s✐t✉❛t✐♦♥s ❝❛♥ ♦❝❝✉r ✐♥ ♦✉r ❝♦♥s✐❞❡r❡❞
s❝❡♥❛r✐♦ ❛♥❞ ❝♦♥❝❧✉❞❡ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥✳
❼ ▲❛st✱ ✇❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✺✱ t❤❛t ❡✈❡♥ ✇❤❡♥ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✐s
P❛r❡t♦✲♦♣t✐♠❛❧✱ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ♠♦♥♦t♦♥♦✉s
✇✐t❤ ❛ r❡s♦✉r❝❡ ✐♥❝r❡❛s❡✳ ❚❤✐s ❡♥❛❜❧❡s ✉s t♦ ♣r♦✈❡ t❤❛t t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❜❡
❛r❜✐tr❛r✐❧② ❜❛❞ ❢♦r ❛♥② ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ✭❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t✱
♠❛①✐♠❛❧ t❤r♦✉❣❤♣✉t✱ ♠✐♥✐♠✉♠ t❤r♦✉❣❤♣✉t✮✳
❙❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r ✇✐t❤ ❛ ❞✐s❝✉ss✐♦♥ ♦❢ ❡①t❡♥s✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❛♥❞ ❢✉t✉r❡
❞✐r❡❝t✐♦♥s ♦❢ r❡s❡❛r❝❤✳








❖✉r ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠ ✐s ♠❛❞❡ ♦❢ N + 1 ♣r♦❝❡ss♦rs P0, P1, . . . , PN ✳ P0 ❞❡♥♦t❡s
t❤❡ ♠❛st❡r ♣r♦❝❡ss♦r✱ ✇❤✐❝❤ ❞♦❡s♥✬t ♣❡r❢♦r♠ ❛♥② ❝♦♠♣✉t❛t✐♦♥✳ ❊❛❝❤ ♣r♦❝❡ss♦r Pn ✐s
❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ❝♦♠♣✉t✐♥❣ ♣♦✇❡r Wn ✭✐♥ ▼✢♦♣✳s−1✮ ❛♥❞ t❤❡ ❝❛♣❛❝✐t② ♦❢ ✐ts ❝♦♥♥❡❝✲
t✐♦♥ ✇✐t❤ t❤❡ ♠❛st❡r Bn ✭✐♥ ▼❜✳s−1✮✳ ▲❛st✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥
r❛t✐♦ Cn ♦❢ ♣r♦❝❡ss♦r Pn ❛s Bk/Wk✳ ❚❤✐s ♠♦❞❡❧ ❧❡❛❞s ✉s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿
❉❡✜♥✐t✐♦♥ ✶✳ ❲❡ ❞❡♥♦t❡ ❜② ♣❤②s✐❝❛❧✲s②st❡♠ ❛ tr✐♣❧❡t (N,B, W ) ✇❤❡r❡ N ✐s t❤❡ ♥✉♠❜❡r
♦❢ ♠❛❝❤✐♥❡s✱ ❛♥❞ B ❛♥❞ W t❤❡ ✈❡❝t♦rs ♦❢ s✐③❡ N ❝♦♥t❛✐♥✐♥❣ t❤❡ ❧✐♥❦ ❝❛♣❛❝✐t✐❡s ❛♥❞ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡rs ♦❢ t❤❡ ♠❛❝❤✐♥❡s✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❧❛t❢♦r♠ ♣❡r❢♦r♠s ❛♥ ✐❞❡❛❧ ❢❛✐r s❤❛r✐♥❣ ♦❢ r❡s♦✉r❝❡s ❛♠♦♥❣ t❤❡
✈❛r✐♦✉s r❡q✉❡sts✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② N (B)n (t) ✭r❡s♣✳ N
(W )
n (t)✮ t❤❡ ♥✉♠❜❡r
♦❢ ♦♥❣♦✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭r❡s♣✳ ❝♦♠♣✉t❛t✐♦♥✮ ❢r♦♠ P0 t♦ Pn ✭r❡s♣✳ ♦♥ Pn✮ ❛t t✐♠❡
t✳ ❘❡s♦✉r❝❡s ❛r❡ s❤❛r❡❞ ✏❢❛✐r❧②✑ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ✉s❡rs✳ ❚❤✉s✱ t❤❡ ♣❧❛t❢♦r♠ ❡♥s✉r❡s
t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ❜❛♥❞✇✐❞t❤ r❡❝❡✐✈❡❞ ❛t t✐♠❡ t ❜② ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r♦♠ P0 t♦ Pn ✐s
■◆❘■❆
◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✺
❡①❛❝t❧② Bn/N
(B)
n (t)✳ ▲✐❦❡✇✐s❡✱ t❤❡ ❛♠♦✉♥t ♦❢ ♣r♦❝❡ss♦r ♣♦✇❡r r❡❝❡✐✈❡❞ ❛t t✐♠❡ t ❜② ❛
❝♦♠♣✉t❛t✐♦♥ ♦♥ Pn ✐s ❡①❛❝t❧② Wn/N
(W )
n (t)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t✐♠❡ T ♥❡❡❞❡❞ t♦ tr❛♥s❢❡r ❛








▲✐❦❡✇✐s❡✱ t❤❡ t✐♠❡ T ♥❡❡❞❡❞ t♦ ♣❡r❢♦r♠ ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s✐③❡ w ♦♥ Pn st❛rt✐♥❣ ❛t t✐♠❡







▲❛st✱ ✇❡ ❛ss✉♠❡ t❤❛t ❝♦♠♠✉♥✐❝❛t✐♦♥s t♦ ❞✐✛❡r❡♥t ♣r♦❝❡ss♦rs ❞♦ ♥♦t ✐♥t❡r❢❡r❡✳ ❚❤✐s
❛♠♦✉♥ts t♦ s❛② t❤❛t t❤❡ ♥❡t✇♦r❦ ❝❛r❞ ♦❢ P0 ❤❛s ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❜❛♥❞✇✐❞t❤ ♥♦t t♦ ❜❡
❛ ❜♦tt❧❡♥❡❝❦✳ ❚❤✐s ❤②♣♦t❤❡s✐s ♠❛❦❡s s❡♥s❡ ✇❤❡♥ ✇♦r❦❡rs ❛r❡ s♣r❡❛❞ ♦✈❡r t❤❡ ■♥t❡r♥❡t
❛♥❞ ❛r❡ ♥♦t t♦♦ ♥✉♠❡r♦✉s✳
✷✳✷ ❆♣♣❧✐❝❛t✐♦♥ ▼♦❞❡❧
❲❡ ❝♦♥s✐❞❡r K ❛♣♣❧✐❝❛t✐♦♥s✱ Ak✱ 1 6 k 6 K✳ ❊❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ❧❛r❣❡
s❡t ♦❢ ✐♥❞❡♣❡♥❞❡♥t✱ s❛♠❡✲s✐③❡ t❛s❦s✳ ❲❡ ❝❛♥ t❤✐♥❦ ♦❢ ❡❛❝❤ Ak ❛s ❜❛❣ ♦❢ t❛s❦s✱ ❛♥❞ t❤❡
t❛s❦s ❛r❡ ✜❧❡s t❤❛t r❡q✉✐r❡ s♦♠❡ ♣r♦❝❡ss✐♥❣✳ ❆ t❛s❦ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s ❝❛❧❧❡❞ ❛ t❛s❦
♦❢ t②♣❡ k✳ ❙❊❚■❅❤♦♠❡ ❬❙❊❚❪✱ ❢❛❝t♦r✐♥❣ ❧❛r❣❡ ♥✉♠❜❡rs ❬❈❉✉+✾✻❪✱ t❤❡ ▼❡rs❡♥♥❡ ♣r✐♠❡
s❡❛r❝❤ ❬Pr✐❪✱ ❈❧✐♠❛t❡Pr❡❞✐❝t✐♦♥✳◆❊❚ ❬❇❖■❪✱ ❊✐♥st❡✐♥❅❍♦♠❡ ❬❊■◆❪✱ ♣r♦❝❡ss✐♥❣ ❞❛t❛ ♦❢
t❤❡ ▲❛r❣❡ ❍❛❞r♦♥ ❈♦❧❧✐❞❡r ❬▲❍❈❪ ❛r❡ ❛ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ t②♣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡
❧❡t wk ❜❡ t❤❡ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✭✐♥ ✢♦❛t✐♥❣ ♣♦✐♥t ♦♣❡r❛t✐♦♥s✮ r❡q✉✐r❡❞ t♦ ♣r♦❝❡ss
❛ t❛s❦ ♦❢ t②♣❡ k✳ ❙✐♠✐❧❛r❧②✱ bk ✐s t❤❡ s✐③❡ ✭✐♥ ▼❜✮ ♦❢ ✭t❤❡ ✜❧❡ ❛ss♦❝✐❛t❡❞ t♦✮ ❛ t❛s❦ ♦❢
t②♣❡ k✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♦♥❧② ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡q✉✐r❡❞ ✐s ♦✉t✇❛r❞s ❢r♦♠ t❤❡ ♠❛st❡r✱
✐✳❡✳ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ❞❛t❛ r❡t✉r♥❡❞ ❜② t❤❡ ✇♦r❦❡r ✐s ♥❡❣❧✐❣✐❜❧❡✳ ❚❤✐s ✐s ❛ ❝♦♠♠♦♥
❤②♣♦t❤❡s✐s ❬❇❖❇▲❈+✵✹❪ ❛s ✐♥ st❡❛❞②✲st❛t❡✱ t❤❡ ♦✉t♣✉t✲✜❧❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦
❛♥ ❡q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠ ✇✐t❤ ❜✐❣❣❡r ✐♥♣✉t✲✜❧❡s✳ ▲❛st✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲
❝♦♠♣✉t❛t✐♦♥ r❛t✐♦ ck ♦❢ t❛s❦s ♦❢ t②♣❡ k ❛s bk/wk✳ ❚❤✐s ♠♦❞❡❧ ❧❡❛❞s ✉s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡✜♥✐t✐♦♥✿
❉❡✜♥✐t✐♦♥ ✷✳ ❲❡ ❞❡✜♥❡ ❛ ✉s❡r✲s②st❡♠ ❛ tr✐♣❧❡t (K, b, w) ✇❤❡r❡ K ✐s t❤❡ ♥✉♠❜❡r ♦❢
❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ b ❛♥❞ w t❤❡ ✈❡❝t♦rs ♦❢ s✐③❡ K r❡♣r❡s❡♥t✐♥❣ t❤❡ s✐③❡ ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢
❝♦♠♣✉t❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s✳
✷✳✸ ❘✉❧❡s ♦❢ t❤❡ ❣❛♠❡
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉r K ❛♣♣❧✐❝❛t✐♦♥s r✉♥ ♦♥ ♦✉r N ♣r♦❝❡ss♦rs ❛♥❞ ❝♦♠♣❡t❡ ❢♦r t❤❡ ♥❡t✇♦r❦
❛♥❞ ❈P❯ ❛❝❝❡ss✿
❉❡✜♥✐t✐♦♥ ✸✳ ❆ s②st❡♠ ✐s ❛ s❡①t✉♣❧❡t (K, b, w, N,B,W )✱ ✇✐t❤ K✱b✱w✱N ✱B✱W ❞❡✜♥❡❞
❛s ❢♦r ❛ ✉s❡r✲s②st❡♠ ❛♥❞ ❛ ♣❤②s✐❝❛❧✲s②st❡♠✳
❘❘ ♥➦ ✺✽✶✾
✻ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐
❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s s❝❤❡❞✉❧❡❞ ❜② ✐ts ♦✇♥ s❝❤❡❞✉❧❡r✳ ❆s ❡❛❝❤ ❛♣♣❧✐❝❛✲
t✐♦♥ ❝♦♠♣r✐s❡s ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s✱ tr②✐♥❣ t♦ ♦♣t✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥
✐s ❦♥♦✇♥ t♦ ❜❡ ✈❛✐♥❧② t❡❞✐♦✉s ❬❉✉t✵✹❪ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ r❡s♦✉r❝❡ ❛✈❛✐❧❛❜✐❧✐t② ♠❛② ✈❛r② ♦✈❡r
t✐♠❡✳ ▼❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❛ s✐♥❣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❤♦✇❡✈❡r ❦♥♦✇♥ t♦ ❜❡ ❛ ♠✉❝❤
♠♦r❡ r❡❧❡✈❛♥t ♠❡tr✐❝ ✐♥ ♦✉r ❝♦♥t❡①t ❬❇▲❈❏❋+✵✻✱ ❍P✵✹❪✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② αn,k t❤❡ ❛✈❡r✲
❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ t②♣❡ k ♣❡r❢♦r♠❡❞ ♣❡r ✉♥✐t ♦❢ t✐♠❡ ♦♥ t❤❡ ♣r♦❝❡ss♦r Pn✳ ■♥ t❤❡ r❡st
♦❢ t❤✐s ❞♦❝✉♠❡♥t✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② αk =
∑
n αn,k✳ ❚❤❡ s❝❤❡❞✉❧❡r ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥
t❤✉s ❛✐♠s ❛t ♠❛①✐♠✐③✐♥❣ ✐ts ♦✇♥ t❤r♦✉❣❤♣✉t✱ ✐✳❡✳ αk✳ ❍♦✇❡✈❡r✱ ❛s t❤❡② ❛r❡ s❤❛r✐♥❣ t❤❡
s❛♠❡ s❡t ♦❢ r❡s♦✉r❝❡s✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❝♦♥str❛✐♥ts✶✿
❈♦♠♣✉t❛t✐♦♥ ∀n ∈ J0, NK :
∑K
k=1 αn,k.wk 6 Wn
❈♦♠♠✉♥✐❝❛t✐♦♥ ∀n ∈ J1, NK :
∑K
k=1 αn,k.bk 6 Bn
✸ ❆ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡
■s t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛ ♣r♦❝❡ss r✉♥♥✐♥❣ ♦♥ P0 ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❛s ♠❛♥②
♣r♦❝❡ss♦rs ❛s ✐t ✇❛♥ts✳ ❚❤✐s ♠♦❞❡❧ ✐s ❝❛❧❧❡❞ ♠✉❧t✐✲♣♦rt ❬❇❙P+✾✾✱ ❇◆●◆❙✵✵❪ ❛♥❞ ✐s r❡❛✲
s♦♥❛❜❧❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ✇♦r❦❡rs ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧ ❛♥❞ t❤❡ ♣r♦❝❡ss ❝❛♥ ♠❛❦❡ ✉s❡ ♦❢
t❤r❡❛❞s t♦ ❤❛♥❞❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❲❡ ✜rst st✉❞② t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ♦♥❧② ♦♥❡ ❛♣♣❧✐✲
❝❛t✐♦♥ ✐s s❝❤❡❞✉❧❡❞ ♦♥ t❤❡ ♣❧❛t❢♦r♠✳ ❚❤✐s ✇✐❧❧ ❡♥❛❜❧❡ ✉s t♦ s✐♠♣❧② ❞❡✜♥❡ t❤❡ s❝❤❡❞✉❧✐♥❣
str❛t❡❣② t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❜② ❡❛❝❤ ♣❧❛②❡rs ✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ ♠❛♥② ❛♣♣❧✐❝❛✲
t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳
✸✳✶ ❖♥❡ ❛♣♣❧✐❝❛t✐♦♥







✭✶❛✮ ∀n ∈ J0, NK : αn,1.w1 6 Wn
✭✶❜✮ ∀n ∈ J1, NK : αn,1.b1 6 Bn
✭✶❝✮ ∀n, αn,1 > 0
✭✶✮
❲❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s ❧✐♥❡❛r ♣r♦❣r❛♠ ✐s ♦❜t❛✐♥❡❞ ❜②







✳ ■♥ ❛ ♣r❛❝t✐❝❛❧ s❡tt✐♥❣✱ t❤✐s ❛♠♦✉♥ts t♦ s❛② t❤❛t t❤❡ ♠❛st❡r
♣r♦❝❡ss ✇✐❧❧ s❛t✉r❛t❡ ❡❛❝❤ ♦❢ t❤❡ ✇♦r❦❡rs ❜② s❡♥❞✐♥❣ t❤❡♠ ❛s ♠✉❝❤ t❛s❦s ❛s ♣♦ss✐❜❧❡✳ ❖♥
❛ st❛❜❧❡ ♣❧❛t❢♦r♠✱ Wn ❛♥❞ Bn ❝❛♥ ❡❛s✐❧② ❜❡ ♠❡❛s✉r❡❞ ❛♥❞ t❤❡ αn,1✬s ❝❛♥ t❤✉s ❡❛s✐❧② ❜❡
❝♦♠♣✉t❡❞✳ ❖♥ ❛♥ ✉♥st❛❜❧❡ ♦♥❡ t❤✐s ♠❛② ❜❡ ♠♦r❡ tr✐❝❦②✳ ❍♦✇❡✈❡r ❛ s✐♠♣❧❡ ❛❝❦♥♦✇❧❡❞❣❡✲
♠❡♥t ♠❡❝❤❛♥✐s♠ ❡♥❛❜❧❡s t❤❡ ♠❛st❡r ♣r♦❝❡ss t♦ ❡♥s✉r❡ t❤❛t ✐t ✐s ♥♦t ♦✈❡r✲✢♦♦❞✐♥❣ t❤❡
✇♦r❦❡rs✱ ✇❤✐❧❡ ❛❧✇❛②s ❝♦♥✈❡r❣✐♥❣ t♦ t❤❡ ♦♣t✐♠❛❧ t❤r♦✉❣❤♣✉t✳
■♥ ❛ ♠✉❧t✐♣❧❡✲❛♣♣❧✐❝❛t✐♦♥s ❝♦♥t❡①t✱ ❡❛❝❤ ♣❧❛②❡r ✭♣r♦❝❡ss✮ str✐✈❡s t♦ ♦♣t✐♠✐③❡ ✐ts ♦✇♥
♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡✱ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ t♦ ❜❡ ✐ts t❤r♦✉❣❤♣✉t αk✳ ❍❡♥❝❡✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡
✶❚❤❡ ♥♦t❛t✐♦♥ Ja, bK ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✐♥t❡❣❡rs ❝♦♠♣r✐s❡❞ ❜❡t✇❡❡♥ a ❛♥❞ b✱ ✐✳❡✳ Ja, bK = N ∩ [a, b]
■◆❘■❆
◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✼
t❤❛t ❡❛❝❤ ♦❢ t❤❡♠ ❝♦♥st❛♥t❧② ✢♦♦❞s t❤❡ ✇♦r❦❡rs ✇❤✐❧❡ ❡♥s✉r✐♥❣ t❤❛t ❛❧❧ t❤❡ t❛s❦s t❤❡②
s❡♥❞s ❛r❡ ♣❡r❢♦r♠❡❞ ✭❡✳❣✳ ✉s✐♥❣ ❛♥ ❛❝❦♥♦✇❧❡❞❣❡♠❡♥t ♠❡❝❤❛♥✐s♠✮✳ ❚❤✐s ❛❞❛♣t✐✈❡ str❛t✲
❡❣② ❛✉t♦♠❛t✐❝❛❧❧② ❝♦♣❡ ✇✐t❤ ♦t❤❡r s❝❤❡❞✉❧❡rs ✉s❛❣❡ ♦❢ r❡s♦✉r❝❡ ❛♥❞ s❡❧✜s❤❧② ♠❛①✐♠✐③❡
t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥✳ ❲❡ s✉♣♣♦s❡ ❛ ♣✉r❡❧② ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡ ✇❤❡r❡
♥♦ s❝❤❡❞✉❧❡r ❞❡❝✐❞❡s t♦ ✧❛❧❧②✧ t♦ ❛♥② ♦t❤❡r✳ ❆s t❤❡ ♣❧❛②❡rs ❝♦♥st❛♥t❧② ❛❞❛♣t t♦ ❡❛❝❤
♦t❤❡rs✬ ❛❝t✐♦♥s✱ t❤❡② ♠❛② ✭♦r ♥♦t✮ r❡❛❝❤ s♦♠❡ ❡q✉✐❧✐❜r✐✉♠✱ ❦♥♦✇♥ ✐♥ ❣❛♠❡ t❤❡♦r② ❛s
◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❬◆❛s✺✵✱ ◆❛s✺✶❪✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② α(nc)n,k
t❤❡ r❛t❡s ❛❝❤✐❡✈❡❞ ❛t s✉❝❤ st❛❜❧❡ st❛t❡s✳
✸✳✷ ▼❛♥② ❛♣♣❧✐❝❛t✐♦♥s✿ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥s
❋✐rst✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ✐♥ t❤❡ ♠✉❧t✐✲♣♦rt ♠♦❞❡❧✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ r❡s♦✉r❝❡s
❛r❡ ❛❧❧ ✐♥❞❡♣❡♥❞❡♥t✳ ▲❡t ✉s ❝♦♥s✐❞❡r ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ✉s❡ ♦❢ r❡s♦✉r❝❡s ♦♥ ❛ ❛r❜✐tr❛r②
✇♦r❦❡r n✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s s❡♥t t♦ Pn ✐s ❡q✉❛❧ t♦
t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♣r♦❝❡ss❡❞ ♦♥ Pn✳ ■♥ ❛ st❡❛❞② st❛t❡✱ ❛❝t✐♦♥s ♦❢ t❤❡ ♣❧❛②❡rs ✇✐❧❧
✐♥t❡r❢❡r❡ ♦♥ ❡❛❝❤ r❡s♦✉r❝❡ ✐♥ ✭❛ ♣r✐♦r✐✮ ❛ ♥♦♥ ♣r❡❞✐❝t❛❜❧❡ ♦r❞❡r✳ ❚❤❡ r❡s♦✉r❝❡ ✉s❛❣❡ ♠❛②
❜❡ ❛r❜✐tr❛r✐❧② ❝♦♠♣❧❡① ✭s❡❡ ❋✐❣✉r❡ ✶✭❛✮✮✳ ❍♦✇❡✈❡r✱ ❢♦r ❛♥② ❣✐✈❡♥ s✉❜s❡t S ♦❢ J1,KK✱
✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t✐♠❡ ✇❤❡r❡ ❛❧❧ ♣❧❛②❡rs ♦❢ S ✭❛♥❞ ♦♥❧② t❤❡♠✮ ✉s❡ ❛ ❣✐✈❡♥
r❡s♦✉r❝❡✳ ❚❤✐s ❡♥❛❜❧❡s ✉s t♦ r❡♦r❣❛♥✐③❡ t❤❡ s❝❤❡❞✉❧❡ ✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥t r❡♣r❡s❡♥t❛t✐♦♥
✭s❡❡ ❋✐❣✉r❡ ✶✭❜✮✮ ✇✐t❤ ❛t ♠♦st 2K t✐♠❡ ✐♥t❡r✈❛❧s ✭t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r
t❤❡ s✉❜s❡t S✮✳ ■♥ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ❢r❛❝t✐♦♥s ♦❢ t✐♠❡ s♣❡♥t ✉s✐♥❣ ❛ ❣✐✈❡♥ r❡s♦✉r❝❡
✭✇❤✐❝❤ ❝❛♥ ❜❡ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦ ♦r ❛ ♣r♦❝❡ss♦r✮ ❛r❡ ♣❡r❢❡❝t❧② ❡q✉❛❧ t♦ t❤❡ ♦♥❡s ✐♥
t❤❡ ♦r✐❣✐♥❛❧ s❝❤❡❞✉❧❡✳ ❍♦✇❡✈❡r s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ✐s st✐❧❧ t♦♦ ❝♦♠♣❧❡① ✭2K ✐s ❛ ❧❛r❣❡
✈❛❧✉❡✮✳ ❍❡♥❝❡✱ ✇❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❜✉✐❧❞ t✇♦ ♠♦r❡ ❝♦♠♣❛❝t ✏❡q✉✐✈❛❧❡♥t✑ ❝❛♥♦♥✐❝❛❧
r❡♣r❡s❡♥t❛t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✶✭❝✮ ❛♥❞ ✶✭❞✮✮
❙❡q✉❡♥t✐❛❧ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡ ✜rst ❝♦♠♣❛❝t ❢♦r♠ ✇❡ ❞❡✜♥❡ ✐s ❝❛❧❧❡❞
s❡q✉❡♥t✐❛❧ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✶✭❝✮✮✳ ■❢ t❤❡ s❝❤❡❞✉❧❡rs ✇❡r❡ s❡♥❞✐♥❣ ❞❛t❛







♦❢ t❤❡ t✐♠❡ t♦ s❡♥❞ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ❞❛t❛ ❛s ✐♥ t❤❡ ♦r✐❣✐♥❛❧
s❝❤❡❞✉❧❡rs✷✳ ❚❤✐s ✈❛❧✉❡ ✐s ❝❛❧❧❡❞ s❡q✉❡♥t✐❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ r❛t✐♦✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥






✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣











❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ♦❜t❛✐♥ ❛ ❝❛♥♦♥✐❝❛❧ s❝❤❡❞✉❧❡ ✭s❡❡ ❋✐❣✉r❡ ✶✭❝✮✮ ✇✐t❤ ❛t ♠♦st K + 1
✐♥t❡r✈❛❧s ✇❤♦s❡ r❡s♣❡❝t✐✈❡ s❡ts ♦❢ ♣❧❛②❡rs ❛r❡ {1}✱ {2}✱ . . . ✱ {K}✱ ∅✳ ❚❤✐s ❝♦♠♠✉♥✐❝❛t✐♦♥
s❝❤❡♠❡ ✐s t❤✉s ❝❛❧❧❡❞ s❡q✉❡♥t✐❛❧ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❤❛s t❤❡ s❛♠❡ α(nc)n,k ✈❛❧✉❡s✳



























✭❝✮ ❙❡q✉❡♥t✐❛❧ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✿ ❛r✲





















✭❞✮ P❛r❛❧❧❡❧ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✿ ❛r✲
❡❛s ❛r❡ ♣r❡s❡r✈❡❞ ❜✉t ✉s✐♥❣ t✐♠❡s ❛r❡ ♠❛①✲
✐♠✐③❡❞
❋✐❣✉r❡ ✶✿ ❱❛r✐♦✉s s❝❤❡❞✉❧❡ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❊❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❝♦❧♦r✿
❆♣♣❧✐❝❛t✐♦♥ ✶ ✐s ❣r❡❡♥✱ ❛♣♣❧✐❝❛t✐♦♥ ✷ ✐s ②❡❧❧♦✇ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ✸ ✐s ❜❧✉❡✳ ❚❤❡ ❛r❡❛ ♦❢ ❡❛❝❤
❛♣♣❧✐❝❛t✐♦♥ ✐s ♣r❡s❡r✈❡❞ t❤r♦✉❣❤♦✉t ❛❧❧ tr❛♥s❢♦r♠❛t✐♦♥s✳
❍♦✇❡✈❡r✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ❤❛✈❡ ❛❧❧ ❜❡❡♥ ❞❡❝r❡❛s❡❞ ❛s ❡❛❝❤ s❝❤❡❞✲
✉❧❡r ✐s ♥♦✇ ✉s✐♥❣ t❤❡ ♥❡t✇♦r❦ ❧✐♥❦ ❛♥❞ t❤❡ ❈P❯ ❡①❝❧✉s✐✈❡❧②✳ ❲❡ ✇✐❧❧ s❡❡ ❧❛t❡r t❤❛t t❤✐s
✐♥❢♦r♠❛t✐♦♥ ❧♦ss ❞♦❡s ♥♦t ♠❛tt❡r ❢♦r ♠✉❧t✐✲♣♦rt s❝❤❡❞✉❧❡rs✳
P❛r❛❧❧❡❧ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡ s❡❝♦♥❞ ❝♦♠♣❛❝t ❢♦r♠ ✇❡ ❞❡✜♥❡ ✐s ❝❛❧❧❡❞
♣❛r❛❧❧❡❧ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✶✭❞✮✮✳ ■♥ t❤✐s s❝❤❡♠❡✱ r❡s♦✉r❝❡ ✉s❛❣❡ ✐s ❛s
❝♦♥✢✐❝t✐♥❣ ❛s ♣♦ss✐❜❧❡✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② µ(par)n,k ✭r❡s♣✳ ν
(par)
n,k ✮ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t✐♠❡ s♣❡♥t ❜②
♣❧❛②❡r k t♦ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ Pn ✭r❡s♣✳ t♦ ❝♦♠♣✉t❡ ♦♥ Pn✮ ✐♥ s✉❝❤ ❛ ❝♦♥✜❣✉r❛t✐♦♥✳ µ
(par)
n,k
✐s t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ r❛t✐♦ ❛♥❞ ν(par)n,k ✐s t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ r❛t✐♦✳
▲❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ r❡s♦✉r❝❡s ✐♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧✱





n,2 6 · · · 6 µ
(par)
n,K ✳ ❚❤✉s✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s ✈❡r✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢
■◆❘■❆
◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✾










































❲❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤✐s s②st❡♠ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ t❤❛t ❛❧❧ t❤❡ ∆µ(par)n,k ❛r❡
♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ t❤❛t t❤❡✐r s✉♠ ✐s ♥♦ ❧❛r❣❡r t❤❛♥ ✶✳ ❋r♦♠ t❤❡s❡ ∆µ(par)n,k ✬s ✇❡ ❝❛♥ t❤❡r❡✲
❢♦r❡ ♦❜t❛✐♥ ❛ ❝❛♥♦♥✐❝❛❧ s❝❤❡❞✉❧❡ ✭s❡❡ ❋✐❣✉r❡ ✶✭❞✮✮ ✇✐t❤ ❛t ♠♦st K + 1 ✐♥t❡r✈❛❧s ✇❤♦s❡
r❡s♣❡❝t✐✈❡ ♣❧❛②❡r s❡ts ❛r❡ r❡s♣❡❝t✐✈❡❧② {1, . . . ,K}✱ {2, . . . ,K}✱ . . . ✱ {K}✱ ∅✳ ❚❤✐s ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ s❝❤❡♠❡ ✐s t❤✉s ❝❛❧❧❡❞ ♣❛r❛❧❧❡❧ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❤❛s t❤❡ s❛♠❡ α(nc)n,k
✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s ❤❛✈❡ ❛❧❧ ❜❡❡♥ ✐♥❝r❡❛s❡❞ ❛s ❡❛❝❤ s❝❤❡❞✉❧❡r ✐s ♥♦✇
✐♥t❡r❢❡r✐♥❣ ✇✐t❤ ❛s ♠✉❝❤ ♦t❤❡r s❝❤❡❞✉❧❡r ❛s ♣♦ss✐❜❧❡✳
P❛rt✐❝✉❧❛r✐t✐❡s ♦❢ ♠✉❧t✐✲♣♦rt s❡❧✜s❤ s❝❤❡❞✉❧❡rs ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣s ❝❛♥ ❜❡ ❛♣✲
♣❧✐❡❞ t♦ ❝♦♠♣✉t❛t✐♦♥ r❡s♦✉r❝❡s ❛♥❞ t❤❡r❡❢♦r❡✱ ❢♦r ❛ ❣✐✈❡♥ ✇♦r❦❡r✱ ❜♦t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥
❛♥❞ ❝♦♠♣✉t❛t✐♦♥ r❡s♦✉r❝❡s ❝❛♥ ❜❡ ♣✉t ✐♥ ❝❛♥♦♥✐❝❛❧ ❢♦r♠ ✭s❡❡ ❋✐❣✉r❡ ✷✭❛✮✮✳ ❆s ✇❡ ❤❛✈❡
s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✱ t❤❡ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ✉s❡❞ ❜② t❤❡ ♣❧❛②❡rs ❝♦♥s✐st ✐♥ ❝♦♥st❛♥t❧②
✢♦♦❞✐♥❣ ✇♦r❦❡rs✳ ❍❡♥❝❡ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t❤❛t ❜♦t❤ µ(par)n,k ❛♥❞ ν
(par)
n,k ❛r❡ s♠❛❧❧❡r t❤❛♥ ✶✳
❆ ♣❧❛②❡r ✐s t❤✉s s❛✐❞ t♦ ❜❡ ❡✐t❤❡r ❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛t✉r❛t❡❞ ✭µ(par)n,k = 1✮ ♦r ❝♦♠♣✉t❛t✐♦♥✲
s❛t✉r❛t❡❞ ✭ν(par)n,k = 1✮✳










❆s t✇♦ ❝♦♠♣✉t❛t✐♦♥✲s❛t✉r❛t❡❞ ♣❧❛②❡rs k1 ❛♥❞ k2 r❡❝❡✐✈❡ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉✲










bk2 ✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❤♦❧❞s ❢♦r t✇♦
❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛t✉r❛t❡❞ ♣❧❛②❡rs ❛s ✇❡❧❧ ❛s ❢♦r ❛ ♠✐①t✉r❡ ♦❢ ❜♦t❤✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥
❛ ♠✉❧t✐✲♣♦rt s❡tt✐♥❣✱ ♣❧❛②❡rs s❤♦✉❧❞ ❜❡ ✜rst s♦rt❡❞ ❛❝❝♦r❞✐♥❣ t❤❡ ck t♦ ❜✉✐❧❞ t❤❡ ❝❛♥♦♥✐❝❛❧
s❝❤❡❞✉❧❡✳ ❚❤❡ ✈❡r② ♣❛rt✐❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤✐s s❝❤❡❞✉❧❡ ✭s❡❡ ❋✐❣✉r❡ ✷✭❜✮✮ ✇✐❧❧ ❡♥❛❜❧❡ ✉s
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ t♦ ❣✐✈❡ ❝❧♦s❡❞✲❢♦r♠ ❢♦r♠✉❧❛ ❢♦r t❤❡ α(nc)n,k ✳ ❆❧❧ t❤❡s❡ r❡♠❛r❦s ❝❛♥
❜❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿
Pr♦♣♦s✐t✐♦♥ ✷✳ ■❢ t❤❡r❡ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② Bn t❤❡ s❡t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥✲
s❛t✉r❛t❡❞ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❜② Wn t❤❡ s❡t ♦❢ ❝♦♠♣✉t❛t✐♦♥✲s❛t✉r❛t❡❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ■❢ c1 6
c2 6 · · · 6 cK ✱ t❤❡♥ t❤❡r❡ ❡①✐sts m ∈ J0,KK s✉❝❤ t❤❛t Wn = J1,mK ❛♥❞ Bn = Jm+1,KK✳
❲❡ ❤❛✈❡✿
❘❘ ♥➦ ✺✽✶✾












































✭❜✮ P❛r❛❧❧❡❧ ❝❛♥♦♥✐❝❛❧ s❝❤❡❞✉❧❡ ❢♦r ❛ ❣✐✈❡♥ ♣r♦❝❡ss♦r ✉♥❞❡r t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡
♠✉❧t✐✲♣♦rt ❛ss✉♠♣t✐♦♥s✳ ❆♣♣❧✐❝❛t✐♦♥ ✸ ✭❜❧✉❡✮ ❛♥❞ ✹ ✭r❡❞✮ ❛r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
s❛t✉r❛t❡❞ ✿ t❤❡② r❡❝❡✐✈❡ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡✳ ❆♣♣❧✐✲
❝❛t✐♦♥ ✶ ✭❣r❡❡♥✮ ❛♥❞ ✷ ✭②❡❧❧♦✇✮ ❛r❡ ❝♦♠♣✉t❛t✐♦♥ s❛t✉r❛t❡❞ ✿ t❤❡② r❡❝❡✐✈❡ t❤❡
s❛♠❡ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥ r❡s♦✉r❝❡✳













n,m+1 = · · · = µ
(par)
n,K = 1 ❛♥❞
❈♦♠♣✉t❛t✐♦♥s✿ 1 = ν
(par)





















n,m+1 = · · · = µ
(seq)
n,K = Gn ❛♥❞
❈♦♠♠✉♥✐❝❛t✐♦♥s✿ Fn = ν
(seq)










◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✶✶
✸✳✸ ❈❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
❚❤❡♦r❡♠ ✶✳ ❲❡ ❛ss✉♠❡ c1 6 c2 6 · · · 6 cK ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Wn t❤❡ s❡t ♦❢ ♣❧❛②❡rs t❤❛t
❛r❡ ❝♦♠♣✉t❛t✐♦♥✲s❛t✉r❛t❡❞ ❛♥❞ ❜② Bn t❤❡ s❡t ♦❢ ♣❧❛②❡rs t❤❛t ❛r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✲s❛t✉r❛t❡❞✳









































✐❢ k ∈ Wn
✭✹✮












Pr♦♦❢✳ ▲❡t ✉s st❛rt ❜② t❤❡ t✇♦ ❡❛s② ❝❛s❡s ✇❤❡r❡ Wn = ∅ ♦r Bn = ∅✿
❼ ■❢ Bn = ∅✱ t❤❡♥ ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ✉s❡ t❤❡ ❈P❯ ♦❢ Pn ❛t ❛♥② t✐♠❡✳ ❚❤❡r❡❢♦r❡ t❤❡② ❛❧❧












▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ✇❤❡r❡ ❜♦t❤ Bn 6= ∅ ❛♥❞ Wn 6= ∅✳ ❯s✐♥❣











































❚✇♦ ❛♣♣❧✐❝❛t✐♦♥s ❢r♦♠ Bn ❝♦♠♠✉♥✐❝❛t❡ ❛❧❧ t❤❡ t✐♠❡✳ ❚❤❡r❡❢♦r❡ t❤❡ s❡♥❞ t❤❡ ❡①❛❝t s❛♠❡
❛♠♦✉♥t ♦❢ ❞❛t❛ ❛♥❞ t❤✉s✿




∀p ∈ Wn, ν
(seq)
n,p = Fn















✶✷ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐









































































✐❢ k ∈ Wn
✸✳✹ ❈♦♥❞✐t✐♦♥s ♦♥ t❤❡ s❡ts
▲❡t ✉s ✜rst st❛rt ✇✐t❤ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ t❤❛t ✇✐❧❧ ♣r♦✈❡ t♦ ❜❡ ✈❡r② ✉s❡❢✉❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
▲❡♠♠❛ ✶✳ ▲❡t γ1 < · · · < γK ❜❡ K ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❲❡ ❤❛✈❡✿
✶✳ ■❢
∑
k 1/γk 6 K t❤❡♥
∑
k γk > K❀
✷✳ ■❢
∑
k γk 6 K t❤❡♥
∑
k 1/γk > K❀
✸✳ ■❢
∑
k γk > K ❛♥❞
∑









Pr♦♦❢✳ ▲❡t ✉s ♣r♦✈❡ ❡❛❝❤ st❛t❡♠❡♥t ♦♥❡ ❛❢t❡r t❤❡ ♦t❤❡r✿
✶✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t
∑
k 1/γk 6 K✳ ❆s (1 − γk)
2 > 0✱ ✇❡ ❤❛✈❡ (2 − γk) 6 1/γk✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡
∑
k(2 − γk) < K✱ ❤❡♥❝❡
∑
k γk > K✳
✷✳ ❚❤❡ s❛♠❡ ♣r♦♦❢ ❛s ❜❡❢♦r❡ ❝❛♥ ❜❡ ✉s❡❞ ❜② s❡tt✐♥❣ γ′k = 1/γk✳
✸✳ ▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❛t
∑
k γk < K ❛♥❞
∑

































❋r♦♠ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t✿
(∃!m | γm < ̺(m) < γm+1) ⇔ (∃!m | f(m) > 0 ❛♥❞ g(m) < 0) ✭✼✮
■◆❘■❆
◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✶✸
❇② ♥♦t✐❝✐♥❣ t❤❛t ✇❡ ❤❛✈❡






+ (1 − γm+1) = 0,
❝♦♥❞✐t✐♦♥ ✭✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
(∃!m | γm < ̺(m) < γm+1) ⇔ (∃!m | f(m) > 0 ❛♥❞ f(m − 1) < 0)

















− K > 0 ✭❜② ❤②♣♦t❤❡s✐s✮



















< 0 ✭❜② ❤②♣♦t❤❡s✐s✮
d(K − 1) = 0
d(m + 1) − d(m) = 1γm+2 − 1









1 KK − 1M − 2 MM ′
m
K + 1
❋✐❣✉r❡ ✸✿ ❱❛r✐❛t✐♦♥ t❛❜❧❡ ♦❢ f ✱ h ❛♥❞ γ✳
❦♥♦✇ t❤❛t s✉❝❤ ✈❛❧✉❡ ❡①✐st ♦t❤❡r✇✐s❡ ✇❡ ✇♦✉❧❞ ❤❛✈❡
∑
k γk 6 K ♦r
∑
k 1/γk 6 K✮✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❦♥♦✇ t❤❛t d ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ J0,M−2K ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣
♦♥ JM − 2, 0K ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ❙✐♥❝❡ d(0) < 0✱ ❛♥❞ d(K − 1) = 0✱ ✇❡ ❦♥♦✇ t❤❛t
✸❲❡ ❝❛♥ ❢r❡❡❧② s❡t γK+1 = γK + 1 s♦ t❤❛t f ✐s ❞❡✜♥❡❞ ♦♥ J0, KK✳
❘❘ ♥➦ ✺✽✶✾
✶✹ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐
d(M − 2) > 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ M ′ ∈ J1,K − 1K s✉❝❤ t❤❛t d ✐s ♥❡❣❛t✐✈❡ ♦♥
J0,M ′ − 1K ❛♥❞ ♣♦s✐t✐✈❡ ♦♥ JM ′,K − 1K✳ ▲❛st✱ s✐♥❝❡ f(0) < 0 ❛♥❞ f(K) > 0✱ ✇❡
❦♥♦✇ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ m s✉❝❤ t❤❛t f(m) > 0 ❛♥❞ f(m − 1) < 0✱ ❤❡♥❝❡ t❤❡
r❡s✉❧t✳













6 K t❤❡♥ Wn = ∅✳


















❚❤❡♥ ✇❡ ❤❛✈❡ Wn = {1, . . . ,m} ❛♥❞ Bn = {m + 1, . . . ,K}✳
Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ s❤❛❧❧ r❡♠❛r❦ t❤❛t t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s ❛r❡ ❡①❝❧✉s✐✈❡s ✉s✐♥❣ ▲❡♠♠❛ ✶
✇✐t❤ γk = ck/Cn✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢
Bn ❛♥❞ Wn✱ ✇❡ ❢❛❧❧ ✐♥ ❡✐t❤❡r ♦♥❡ ♦r t❤❡ ♦t❤❡r ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s✿
❼ ❙✉♣♣♦s❡ t❤❛t Bn = ∅✱ t❤❡♥ ∀k, ν
(seq)





















❼ ❙✉♣♣♦s❡ t❤❛t Wn = ∅✱ t❤❡♥ ∀k, µ
(seq)































▲❡t m s✉❝❤ t❤❛t m ∈ Bn ❛♥❞ m + 1 ∈ Wn✳ ❘❡❝❛❧❧✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ❤❛✈❡✿
µ
(seq)
















































✹❲❡ ❦♥♦✇ s✉❝❤ ❛♥ ✐♥t❡❣❡r ❡①✐sts ✉s✐♥❣ ▲❡♠♠❛ ✶ ✇✐t❤ γk = ck/Cn
■◆❘■❆

























































❘❡♠❛r❦ ✶✳ ❋r♦♠ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❡①❛❝t❧② ♦♥❡ ♥♦♥✲
❝♦♦♣❡r❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠✳
✹ ■♥❡✣❝✐❡♥❝✐❡s ❛♥❞ ♣❛r❛❞♦①❡s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ✐♥❡✣❝✐❡♥❝② ♦❢ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐❛✱ ✐♥ t❤❡ P❛r❡t♦ s❡♥s❡✱ ❛♥❞
t❤❡✐r ❝♦♥s❡q✉❡♥❝❡s✳ ▲❡t ✉s st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ P❛r❡t♦ ♦♣t✐♠❛❧✐t②✳
❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t G ❜❡ ❛ ❣❛♠❡ ✇✐t❤ K ♣❧❛②❡rs✳ ❊❛❝❤ ♦❢ t❤❡♠ ✐s ❞❡✜♥❡❞ ❜② ❛ s❡t ♦❢
♣♦ss✐❜❧❡ str❛t❡❣✐❡s Sk ❛♥❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s uk ❞❡✜♥❡❞ ♦♥ S1 × · · · × SK ✳
❆ ✈❡❝t♦r ♦❢ str❛t❡❣② ✐s s❛✐❞ t♦ ❜❡ P❛r❡t♦ ♦♣t✐♠❛❧ ✐❢ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ str✐❝t❧② ✐♥❝r❡❛s❡ t❤❡
✉t✐❧✐t② ♦❢ ❛ ♣❧❛②❡r ✇✐t❤♦✉t str✐❝t❧② ❞❡❝r❡❛s✐♥❣ t❤❡ ♦♥❡ ♦❢ ❛♥♦t❤❡r✳ ■♥ ♦t❤❡r ✇♦r❞s✱
(




∀(s∗1, . . . , s
∗
K) ∈ S1 × · · · × SK ,
∃i, ui(s
∗
1, . . . , s
∗
K) > ui(s1, . . . , sK) ⇒ ∃j, uj(s
∗
1, . . . , s
∗
K) < uj(s1, . . . , sK)
)
❲❡ r❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ s②st❡♠✱ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ αk✱ t❤❛t ✐s t♦ s❛②✱
t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ k ♣r♦❝❡ss❡❞ ♣❡r t✐♠❡✲✉♥✐t✱ ✇❤✐❧❡ t❤❡ str❛t❡❣✐❡s
❛r❡ t❤❡ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s ✭✐✳❡✳ ✇❤✐❝❤ r❡s♦✉r❝❡ t♦ ✉s❡ ❛♥❞ ✇❤❡♥ t♦ ✉s❡ t❤❡♠✮✳
❆❢t❡r ❡①♣r❡ss✐♥❣ t❤❡ ✉t✐❧✐t② s❡t✱ ✐✳❡✳ t❤❡ ❛❝❤✐❡✈❛❜❧❡ ✉t✐❧✐t② ✈❡❝t♦rs ✭s✉❜s❡❝t✐♦♥ ✹✳✶✮✱
✇❡ ❝♦♠♠❡♥t ♦❢ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ✇♦r❦❡r
✭s✉❜s❡❝t✐♦♥ ✹✳✷✮✱ ❛♥❞ t❤❡♥ ♦❢ ♠✉❧t✐♣❧❡ ✇♦r❦❡rs ✭✹✳✸✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ✇❤❡♥
◆❛s❤ ❊q✉✐❧✐❜r✐❛ ❛r❡ ✐♥❡✣❝✐❡♥t✱ s♦♠❡ ♣❛r❛❞♦①✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥ ❝❛♥ ♦❝❝✉r ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡
❬❇r❛✻✽❪✮✳ ❲❡ ❤❡♥❝❡ st✉❞② ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✹✱ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❇r❛❡ss ♣❤❡♥♦♠❡♥❛ ✐♥ t❤✐s
s②st❡♠✳
❘❘ ♥➦ ✺✽✶✾
✶✻ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐
✹✳✶ ❈♦♥✈❡① ❛♥❞ ❝♦♠♣❛❝t ✉t✐❧✐t② s❡t
▲❡t ❝♦♥s✐❞❡r ❛ s②st❡♠ ✇✐t❤ K ❛♣♣❧✐❝❛t✐♦♥s r✉♥♥✐♥❣ ♦✈❡r N ♠❛❝❤✐♥❡s✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡






∃α1,k, . . . , αn,k,
∀k ∈ J1,KK :
∑N
n=1 αn,k = αk
∀n ∈ J1, NK :
∑K
k=1 αn,k.wk 6 Wn
∀n ∈ J1, NK :
∑K
k=1 αn,k.bk 6 Bn




❚❤❡ ✉t✐❧✐t② s❡t ✐s ❤❡♥❝❡ ❝♦♥✈❡① ❛♥❞ ❝♦♠♣❛❝t✳
✹✳✷ ❙✐♥❣❧❡ ♣r♦❝❡ss♦r
■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ✇❤❡♥ t❤❡ ♣❧❛②❡rs ✭❤❡r❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✮ ❝♦♠♣❡t❡ ✐♥ ❛
♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ✇❛② ♦✈❡r ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ t❤❡ r❡s✉❧t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮
✐s P❛r❡t♦ ♦♣t✐♠❛❧✳
❚❤❡♦r❡♠ ✸✳ ❖♥ ❛ s✐♥❣❧❡✲♣r♦❝❡ss♦r s②st❡♠✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛t t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐s
P❛r❡t♦ ♦♣t✐♠❛❧✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❛❧❧♦❝❛t✐♦♥ α(nc) ✐s ♥♦t P❛r❡t♦ ♦♣t✐♠❛❧ ♦♥ Pn✳
❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ❛❧❧♦❝❛t✐♦♥ α̃✳ s✉❝❤ t❤❛t
∀k, α
(nc)
n,k 6 α̃n,k, ❛♥❞ ∃q ∈ J1,KK, α
(nc)
n,q < α̃n,q.












































❲❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿
❼ ■❢ ✐♥ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ s♦❧✉t✐♦♥✱ ❛t ❧❡❛st ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♠♠✉♥✐❝❛t✐♦♥✲

















n,k ✱ ✇❤✐❝❤ ✐s ✐♥
❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ✭✽✮✳
❼ ❲❡ ❣❡t ❛ s✐♠✐❧❛r ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ✭✾✮ ✇❤❡♥ ❛t ❧❡❛st ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♠♣✉t❛t✐♦♥✲
s❛t✉r❛t❡❞ ✭✐✳❡✳ Wn 6= ∅✮ ✐♥ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ s♦❧✉t✐♦♥✳
■◆❘■❆
◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✶✼
✹✳✸ ▼✉❧t✐✲♣r♦❝❡ss♦rs ❛♥❞ ✐♥❡✣❝✐❡♥❝✐❡s
■♥t❡r❡st✐♥❣❧②✱ ❛❧t❤♦✉❣❤ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ◆❛s❤ ❊q✉✐❧✐❜r✐❛ ❛r❡ P❛r❡t♦ ♦♣t✐♠❛❧ ♦♥ ❡❛❝❤
✇♦r❦❡r✱ ✇❡ s❤♦✇ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t t❤✐s ❊q✉✐❧✐❜r✐✉♠ ✐s ♥♦t P❛r❡t♦ ♦♣t✐♠❛❧ ❢♦r t❤❡ ✇❤♦❧❡
s②st❡♠✳
❲❡ s❤♦✇ t❤❛t t❤❡ ◆❛s❤ ❊q✉✐❧✐❜r✐✉♠ ❝❛♥ ❜❡ ✐♥❡✣❝✐❡♥t ❛♥❞ ❡①❤✐❜✐t s✉❝❤ ❛♥ ❡①❛♠♣❧❡
♦♥ ❛ s②st❡♠ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ♠❛❝❤✐♥❡s ❛♥❞ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ✭s✉❜s❡❝t✐♦♥ ✹✳✸✳✶✮✳ ❲❡ t❤❡♥
❣✐✈❡ ❛ ❢♦r♠❛❧ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ❜❡ P❛r❡t♦ ♦♣t✐♠❛❧
✭s✉❜s❡❝t✐♦♥ ✹✳✸✳✷ ❛♥❞ ✹✳✸✳✸✮✳ ❲❡ ✜♥❛❧❧② ❝♦♠♠❡♥t ♦♥ ❞✐✛❡r❡♥t ♠❡❛s✉r❡s ♦❢ ✐♥❡✣❝✐❡♥❝②
✭s✉❜s❡❝t✐♦♥ ✹✳✸✳✹✮✳
✹✳✸✳✶ ❊①❛♠♣❧❡ ♦❢ P❛r❡t♦ ✐♥❡✣❝✐❡♥❝②
❚❤❡ P❛r❡t♦ ♦♣t✐♠❛❧✐t② ✐s ❛ ❣❧♦❜❛❧ ♥♦t✐♦♥✳ ❍❡♥❝❡✱ ❛❧t❤♦✉❣❤ ❛t ❡❛❝❤ ♣r♦❝❡ss♦r✱ t❤❡ ❛❧❧♦❝❛✲
t✐♦♥ ✐s P❛r❡t♦ ♦♣t✐♠❛❧✱ t❤❡ r❡s✉❧t ♠❛② ♥♦t ❤♦❧❞ ❢♦r ❛ r❛♥❞♦♠ ♥✉♠❜❡r ♦❢ ♠❛❝❤✐♥❡s✳ ❲❡
✇✐❧❧ s❡❡ ❧❛t❡r ✭❚❤❡♦r❡♠ ✹✮ t❤❛t t❤❡ r❡s✉❧t ❤♦❧❞s ✐❢ ✇❡ ❤❛✈❡ ♦♥ ❛❧❧ t❤❡ ♠❛❝❤✐♥❡s Wn 6= ∅
❖❘ ♦♥ ❛❧❧ t❤❡ ♠❛❝❤✐♥❡s Bn 6= ∅✳ ❨❡t✱ ✐❢ t❤❡r❡ ❛r❡ t✇♦ ✇♦r❦❡rs n1 ❛♥❞ n2 s✉❝❤ t❤❛t
Wn1 = ∅ ❛♥❞ Bn2 = ∅✱ t❤❡♥ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♠❛② ❜❡ P❛r❡t♦ s✉❜✲♦♣t✐♠❛❧✳ ❲❡ ✐❧❧✉str❛t❡ t❤✐s
♦♥ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ✇✐t❤ ❛ t✇♦✲❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ t✇♦✲♠❛❝❤✐♥❡s s②st❡♠✳
❊①❛♠♣❧❡ ✶✳ ❈♦♥s✐❞❡r ❛ s②st❡♠ ✇✐t❤ t✇♦ ❝♦♠♣✉t❡rs A ❛♥❞ B✱ ✇✐t❤ ♣❛r❛♠❡t❡rs B1 = 50✱
W1 = 100✱ B2 = 100✱ B2 = 50 ❛♥❞ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♣❛r❛♠❡t❡rs b1 = 1✱ w1 = 2✱ b2 = 2
❛♥❞ w2 = 1✳
■❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❡r❡ ❝♦❧❧❛❜♦r❛t✐♥❣ s✉❝❤ t❤❛t ❛♣♣❧✐❝❛t✐♦♥ 1 ✇❛s ♣r♦❝❡ss❡❞ ❡①❝❧✉s✐✈❡❧② t♦













❚❤❡♦r❡♠ ✹✳ ■❢✱ ✐♥ ❛ s②st❡♠ ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r N ♦❢ ♠❛❝❤✐♥❡s✱ ✇❡ ❤❛✈❡
∀n ∈ J1, NK,Bn 6= ∅
t❤❡♥✱ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❛❧❧♦❝❛t✐♦♥ ✐s P❛r❡t♦ ♦♣t✐♠❛❧✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r t❤❡ N ♠❛❝❤✐♥❡s✱ Bn 6= ∅✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡
❛❧❧♦❝❛t✐♦♥ α(nc) ✐s ♥♦t P❛r❡t♦ ♦♣t✐♠❛❧✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ❛❧❧♦❝❛t✐♦♥ α̃ s✉❝❤ t❤❛t
∀k, α
(nc)


























































❍♦✇❡✈❡r✱ ❛s ♦♥ ❡❛❝❤ ♠❛❝❤✐♥❡✱ ❛t ❧❡❛st ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♠♠✉♥✐❝❛t✐♦♥ s❛t✉r❛t❡❞ ✭✐✳❡✳




























✇❤✐❝❤ ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥✳ ✇✐t❤ ✭✶✵✮✳
❈♦r♦❧❧❛r② ✶✳ ■❢✱ ✐♥ ❛ s②st❡♠ ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r N ♦❢ ♠❛❝❤✐♥❡s✱ ✇❡ ❤❛✈❡
∀n ∈ N,Wn 6= ∅
t❤❡♥✱ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❛❧❧♦❝❛t✐♦♥ ✐s P❛r❡t♦ ♦♣t✐♠❛❧✳
✹✳✸✳✸ ◆❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥
❙✉♣♣♦s❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ♥♦t ❛❧❧ ✐❞❡♥t✐❝❛❧✱ t❤❛t ✐s t♦ s❛② t❤❛t t❤❡r❡ ❡①✐sts k1 ❛♥❞
k2 s✉❝❤ t❤❛t ck1 < ck2 ✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✱ t❤❛t t✇♦ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r
t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ t♦ ❜❡ P❛r❡t♦ ♦♣t✐♠❛❧ ✐s t❤❛t✿












■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❝t✉❛❧❧② ♥❡❝❡ss❛r②✳
❚❤❡♦r❡♠ ✺✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ♥♦t ❛❧❧ ✐❞❡♥t✐❝❛❧✱ t❤❛t ✐s t♦ s❛② t❤❛t t❤❡r❡
❡①✐sts k1 ❛♥❞ k2 s✉❝❤ t❤❛t ck1 < ck2✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts t✇♦ ✇♦r❦❡rs✱ ♥❛♠❡❧② n1
❛♥❞ n2 s✉❝❤ t❤❛t✿
❼ Wn1 = ∅
❼ ❛♥❞ Bn2 = ∅✱
t❤❡♥ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛t t❤❡ ◆❛s❤ ❊q✉✐❧✐❜r✐✉♠ ✐s P❛r❡t♦ ✐♥❡✣❝✐❡♥t✳
Pr♦♦❢✳ ▲❡t r❡♥✉♠❜❡r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ t❤❛t c1 6 c2 6 · · · 6 cK ❛♥❞ s✉♣♣♦s❡ t❤❛t
t❤❡r❡ ❡①✐sts k ∈ J1,K − 1K s✉❝❤ t❤❛t ck < ck+1✳ ❚♦ s❤♦✇ t❤❡ P❛r❡t♦ ✐♥❡✣❝✐❡♥❝② ♦❢ t❤❡
◆❛s❤ ❊q✉✐❧✐❜r✐✉♠✱ ✇❡ ❝♦♥str✉❝t ❛♥♦t❤❡r ❛❧❧♦❝❛t✐♦♥ α̃ ✐♥ ✇❤✐❝❤✿
∀k ∈ J2,K − 1K, α
(nc)
k = α̃k α
(nc)




◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✶✾
❚❤❡ ✐❞❡❛ ❢♦r t❤✐s ✐s t♦ ❦❡❡♣ t❤❡ ❛❧❧♦❝❛t✐♦♥s ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s 2, . . . ,K−1 ✉♥❝❤❛♥❣❡❞✳
❲❡ ♥♦t❡ t❤❛t n1 ✐s r❡❧❛t✐✈❡❧② ♣♦♦r ✐♥ ❜❛♥❞✇✐❞t❤ ✇❤✐❧❡ n2 r❡❧❛t✐✈❡❧② ❧❛❝❦s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧
❝❛♣❛❜✐❧✐t②✳ ❆❧s♦✱ ❛s c1 < cK ✱ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s t♦ ✐♥❝r❡❛s❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢
❥♦❜s ❢r♦♠ ❛♣♣❧✐❝❛t✐♦♥ 1 ✭r❡s♣❡❝t✐✈❡❧② K✮ s❡♥t t♦ ✇♦r❦❡r n1 ✭r❡s♣✳ n2✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
✇❡ t❛❦❡✿











































❍❡♥❝❡ ∀k ∈ J2,K − 1K, α̃k = α
(nc)

















































































































< 1✳ ❚❤❡r❡❢♦r❡✱ ❜② s❡tt✐♥❣ ε1 ❛♥❞ ε2 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ α̃ ✐s ❛ ✈❛❧✐❞ ❛❧❧♦❝❛t✐♦♥✳










✜♥❛❧❧②✱ α̃1 > α
(nc)
1 ❛♥❞ α̃K > α
(nc)









































❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥s α̃1 > α
(nc)
1 ❛♥❞ α̃K > α
(nc)










❍❡♥❝❡✱ ❢♦r ε1 ❛♥❞ ε2 s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ s❛t✐s❢②✐♥❣ ✭✶✶✮✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ α̃ ✐s str✐❝t❧②
P❛r❡t♦ s✉♣❡r✐♦r t♦ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ s②st❡♠✳
❘❘ ♥➦ ✺✽✶✾
✷✵ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐
✹✳✸✳✹ ❉❡❣r❡❡ ♦❢ ✐♥❡✣❝✐❡♥❝②
❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ s②st❡♠ ❝❛♥ ❜❡ P❛r❡t♦ ✐♥❡✣❝✐❡♥t✳ ❆♥
♥❛t✉r❛❧ q✉❡st✐♦♥ t❤❡♥ r❛✐s✐♥❣ ✐s ✧❤♦✇ ♠✉❝❤ ✐♥❡✣❝✐❡♥t✧ ✐s ✐t ❄ ❯♥❢♦rt✉♥❛t❡❧②✱ ❞❡✜♥✐♥❣
P❛r❡t♦ ✐♥❡✣❝✐❡♥❝② ✐s st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳ ❲❡ r❡❝❛❧❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦♠❡ ♣♦ss✐❜❧❡
❞❡✜♥✐t✐♦♥s ❛♥❞ st✉❞② t❤❡✐r ♣r♦♣❡rt✐❡s✳
❉❡✜♥✐t✐♦♥ ♦❢ ❞❡❣r❡❡ ♦❢ ✐♥❡✣❝✐❡♥❝② ▲❡t ✉s ❞❡♥♦t❡ ❜② f ❛♥ ❡✣❝✐❡♥❝② ♠❡❛s✉r❡ ♦♥
t❤❡ αk✳ ❈❧❛ss✐❝❛❧ ❡✣❝✐❡♥❝② ♠❡❛s✉r❡ ❛r❡✿
Pr♦✜t f(α1, . . . , αK) =
∑K
k=1 αk
▼❛①✲♠✐♥ f(α1, . . . , αK) = min
K
k=1 αk
Pr♦♣♦rt✐♦♥❛❧ f(α1, . . . , αK) =
∏K
k=1 αk






❋♦r ❛ ❣✐✈❡♥ s②st❡♠ S ✭✐✳❡✳ ♣❧❛t❢♦r♠ ♣❛r❛♠❡t❡rs ❛❧♦♥❣ ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♦✉r
K ❛♣♣❧✐❝❛t✐♦♥s✮✱ ✇❡ ❞❡♥♦t❡ ❜② α(nc)k (S)✱ t❤❡ r❛t❡s ❛❝❤✐❡✈❡❞ ♦♥ s②st❡♠ S ❜② t❤❡ ♥♦♥✲
❝♦♦♣❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ♦❢ ❙❡❝t✐♦♥ ✸✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② α(f)k (S)✱ t❤❡ ♦♣t✐♠❛❧ r❛t❡s ♦♥
s②st❡♠ S ❢♦r t❤❡ ♠❡tr✐❝ f ✳
❖♥❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ✐♥❡✣❝✐❡♥❝② ♦❢ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❛❧❧♦❝❛t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ♠❡tr✐❝




































❙✐♠✐❧❛r❧②✱ P❛♣❛❞✐♠✐tr✐♦✉ ❬❑P✾✽❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦✇ ♣♦♣✉❧❛r ♠❡❛s✉r❡ ✏♣r✐❝❡ ♦❢ ❛♥❛r✲
❝❤②✑✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥❡✣❝✐❡♥❝② ❞❡❣r❡❡ ❢♦r t❤❡ ♣r♦✜t ♠❡tr✐❝s✳
Pr♦♣❡rt✐❡s ❈♦♥s✐❞❡r ❛❣❛✐♥ ❛ s②st❡♠ ✇✐t❤ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ t✇♦ ♠❛❝❤✐♥❡s ✇✐t❤
♣❛r❛♠❡t❡rs✿
b1 = 1 w1 = N b2 = N w2 = 1
BA = 100 WA = 100 ∗ N BB = 100 ∗ N WB = 100
■◆❘■❆













✵ ✷✵ ✹✵ ✻✵ ✽✵ ✶✵✵ ✶✷✵ ✶✹✵ ✶✻✵
❋✐❣✉r❡ ✹✿ P❛r❡t♦✲✐♥❡✣❝✐❡♥❝② ♦❢ t❤❡ ◆❛s❤ ❊q✉✐❧✐❜r✐✉♠ ♦♥ ❛ t✇♦✲♠❛❝❤✐♥❡s✴t✇♦✲
❛♣♣❧✐❝❛t✐♦♥s s②st❡♠
































n,1 = 100 α
(❝♦♦♣)
n,2 = 100.
❆s t❤❡ ✉t✐❧✐t② s❡t ✐s ❝❧❡❛r❧② s②♠♠❡tr✐❝❛❧ ❢♦r t❤✐s s②st❡♠ ✭s❡❡ ❋✐❣✉r❡ ✹✮✱ ❛♥❞ t❤❡ ❡✣✲
❝✐❡♥❝② ♠❡❛s✉r❡ ❞♦ ♥♦t ❢❛✈♦r ❛ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡ ♦♣t✐♠❛❧ ♣♦✐♥t ❢♦r ❛❧❧ t❤❡ ♣r❡✈✐♦✉s
















2✱ t❤❡ ❡✣❝✐❡♥❝② ❞❡❣r❡❡ ♦❢ ❛❧❧ ♣r❡✈✐♦✉s
♠❡❛s✉r❡s ✐s ❧❛r❣❡r t❤❛♥ t✇♦ ✭❡①❝❡♣t ❢♦r t❤❡ Pr♦♣♦rt✐♦♥❛❧ ♠❡❛s✉r❡ t❤❛t ✐s ❡q✉❛❧ t♦ 4✮✳
✹✳✹ ❇r❛❡ss✲❧✐❦❡ ♣❛r❛❞♦①❡s
❲❤❡♥ st✉❞②✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✐♥ r♦✉t✐♥❣ s②st❡♠s✱ ❇r❛❡ss ❡①❤✐❜✐t❡❞ ❛♥
❡①❛♠♣❧❡ ✐♥ ✇❤✐❝❤✱ ❜② ❛❞❞✐♥❣ r❡s♦✉r❝❡ t♦ t❤❡ s②st❡♠ ✭✐♥ ❤✐s ❡①❛♠♣❧❡✱ ❛ r♦✉t❡✮✱ t❤❡ ♣❡r✲
❢♦r♠❛♥❝❡ ♦❢ ❛❧❧ t❤❡ ✉s❡rs ✇❡r❡ ❞❡❣r❛❞❡❞✳ ❲❡ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❤❡t❤❡r s✉❝❤
s✐t✉❛t✐♦♥s ❝❛♥ ♦❝❝✉r ✐♥ ♦✉r ❝♦♥s✐❞❡r❡❞ s❝❡♥❛r✐♦✳
❇❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ P❛r❡t♦ ♦♣t✐♠❛❧✐t②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥❝❡♣t ♦❢ str✐❝t
P❛r❡t♦✲s✉♣❡r✐♦r✐t②✳
❉❡✜♥✐t✐♦♥ ✺✳ ❲❡ s❛② t❤❛t ❛ ✉t✐❧✐t② ♣♦✐♥t a ✐s str✐❝t❧② P❛r❡t♦✲s✉♣❡r✐♦r t♦ ❛ ♣♦✐♥t b ✐s ❢♦r
❛❧❧ ♣❧❛②❡rs ai < bi✳
❖❜✈✐♦✉s❧②✱ ❛ P❛r❡t♦✲♦♣t✐♠❛❧ ♣♦✐♥t ✐s s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ♥♦ ❛❝❤✐❡✈❛❜❧❡ ♣♦✐♥t str✐❝t❧②✲
P❛r❡t♦ s✉♣❡r✐♦r t♦ ✐t✳
❘❘ ♥➦ ✺✽✶✾
✷✷ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐
▲❡t ✉s ❝♦♥s✐❞❡r ❛ s②st❡♠ ✭❝❛❧❧❡❞ ✧✐♥✐t✐❛❧✧✮ ❛♥❞ ❛ s❡❝♦♥❞ ♦♥❡ ✭r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✧❛✉❣✲
♠❡♥t❡❞✧ s②st❡♠✮✱ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✜rst ♦♥❡ ❜② ❛❞❞✐♥❣ s♦♠❡ q✉❛♥t✐t② ♦❢ r❡s♦✉r❝❡✳ ■♥✲
t✉✐t✐✈❡❧②✱ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ aug ✐♥ t❤❡ ❛✉❣♠❡♥t❡❞ s②st❡♠ s❤♦✉❧❞ ❜❡ P❛r❡t♦✲s✉♣❡r✐♦r
t♦ t❤❡ ♦♥❡ ✐♥ t❤❡ ✐♥✐t✐❛❧ s②st❡♠ ini✳ ❲❡ s❛② t❤❛t ❛ ❇r❛❡ss ♣❛r❛❞♦① ❤❛♣♣❡♥s ✇❤❡♥ ini ✐s
str✐❝t❧② P❛r❡t♦✲s✉♣❡r✐♦r t♦ ♣♦✐♥t aug✳
❖❜✈✐♦✉s❧②✱ ❡✈❡r② ❛❝❤✐❡✈❛❜❧❡ st❛t❡ ✐♥ t❤❡ ✐♥✐t✐❛❧ s②st❡♠ ✐s ❛❧s♦ ❛❝❤✐❡✈❛❜❧❡ ✐♥ t❤❡ ❛✉❣✲
♠❡♥t❡❞ s②st❡♠✳ ❍❡♥❝❡ ✐❢ a ✐s ❛♥ ❛❝❤✐❡✈❛❜❧❡ ♣♦✐♥t ✐♥ t❤❡ ✐♥✐t✐❛❧ s②st❡♠ ❛♥❞ ✐❢ b ✐s ❛ P❛r❡t♦
♦♣t✐♠❛❧ ♣♦✐♥t ✐s t❤❡ ❛✉❣♠❡♥t❡❞ ♦♥❡✱ t❤❡♥ a ❝❛♥♥♦t ❜❡ str✐❝t❧② P❛r❡t♦ s✉♣❡r✐♦r t♦ b✳ ❍❡♥❝❡
❇r❛❡ss ♣❛r❛❞♦①❡s ❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ P❛r❡t♦ ✐♥❡✣❝✐❡♥❝✐❡s ♦❢ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐❛✳
✹✳✹✳✶ Pr♦♣❡rt②
❲❡ s❤♦✇ t❤❛t✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ♠❛② ♥♦t ❜❡ P❛r❡t♦ ♦♣t✐♠❛❧✱ ✐♥ t❤❡
❝♦♥s✐❞❡r❡❞ s❝❡♥❛r✐♦✱ ❇r❛❡ss ♣❛r❛❞♦①❡s ❝❛♥♥♦t ♦❝❝✉r✳
❚❤❡♦r❡♠ ✻✳ ■♥ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ♠✉❧t✐✲♣♦rt s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✱ ❇r❛❡ss ❧✐❦❡ ♣❛r❛❞♦①❡s
❝❛♥♥♦t ♦❝❝✉r✳
❚♦ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ✉s❡ t✇♦ ❧❡♠♠❛s ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳
❉❡✜♥✐t✐♦♥ ✻ ✭❊q✉✐✈❛❧❡♥t s✉❜s②st❡♠✮✳ ❈♦♥s✐❞❡r ❛ s②st❡♠ S = (K, b, w,N,B,W)✳ ❲❡












K ✐❢ Bn = ∅✱
Bn ♦t❤❡r✇✐s❡✳
❲❡ s❤❛❧❧ ♥♦✇ ♣r❡❝✐s❡ ✇❤② S̃ ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❡q✉✐✈❛❧❡♥t s✉❜s②st❡♠ ♦❢ S✳
▲❡♠♠❛ ✷ ✭❊q✉✐✈❛❧❡♥t s✉❜s②st❡♠✮✳ ❈♦♥s✐❞❡r ❛ s②st❡♠ S = (K, b, w,N,B,W) ❛♥❞ ✐ts
◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ α(nc)✳
✐✮ ❚❤❡ s②st❡♠ S̃ ✐s ❛ s✉❜s②st❡♠ ♦❢ S✱ ✐✳❡✳ ❢♦r ❛❧❧ ✇♦r❦❡r n✿ B̃n 6 Bn ❛♥❞ W̃n 6 Wn✳






✐✐✐✮ ❚❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ α̃(nc) ♦❢ t❤❡ s✉❜s②st❡♠ S̃ ✐s P❛r❡t♦✲♦♣t✐♠❛❧✳
Pr♦♦❢✳ ▲❡t n ∈ J1;NK✳











Wn✳ ■❢ Wn 6= ∅✱ t❤❡♥ W̃n = Wn✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t✳










K 6 Bn✳ ■❢ Bn 6= ∅✱ t❤❡♥ B̃n = Bn✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t✳
■◆❘■❆
◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✷✸





✳ ❆s Wn = ∅✱ ✇❡ ❤❛✈❡










= BnK.bk = α
(nc)
n,k ✳





✳ ❆s Bn = ∅✱ ✇❡ ❤❛✈❡










= WnK.wk = α
(nc)
n,k ✳





✐✐✐✮ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ∀n, W̃n 6= ∅ ❛♥❞ B̃n 6= ∅✳ ❍❡♥❝❡✱ ❢r♦♠ Pr♦♣✳ ✹ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠
α̃(nc) ✐s P❛r❡t♦ ♦♣t✐♠❛❧✳
▲❡♠♠❛ ✸✳ ❈♦♥s✐❞❡r t✇♦ s②st❡♠s S = (K, b, w,N,B,W) ❛♥❞ S′ = (K, b, w,N,B′,W ′)
❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ ❡q✉✐✈❛❧❡♥t s✉❜s②st❡♠s S̃ = (K, b, w,N, B̃, W̃) ❛♥❞ S̃′ = (K, b, w,N, B̃′, W̃ ′)✳
❙✉♣♣♦s❡ t❤❛t ∀n, B′n > Bn ❛♥❞ W
′
n > Wn t❤❡♥ ∀n, B̃
′
n > B̃n ❛♥❞ W̃
′
n > W̃n✳
Pr♦♦❢✳ ▲❡t α(nc) ❛♥❞ α(nc)
′
❜❡ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ S ❛♥❞ S′✳
■❢ α(nc)
′











❙✐♠✐❧❛r❧② ∀n, W̃n 6 W̃ ′n ❤❡♥❝❡ t❤❡ r❡s✉❧t✳
❙✉♣♣♦s❡ t❤❛t α(nc)
′
✐s ♥♦t P❛r❡t♦ ♦♣t✐♠❛❧✳ ▲❡t n ∈ J1, NK✳






s✳ ❍❡♥❝❡ BBs 6 Bs 6 B
′
s =
BB′s✱ s✐♠✐❧❛r❧② WWs 6 WW
′
s✳














K ✭❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ (N,BB,WW )✮✱ t❤❡♥ WWs 6 WW
′
s ❛♥❞









K ✳ ❆s W 6 W
′ t❤❡♥ BBs 6 BB′s ✇❤✐❧❡





❲❡ ❝❛♥ t❤❡♥ ✜♥❛❧❧② ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✿
Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ✉s❡r✲s②st❡♠ S = (K, b, w)✱ ❛♥❞ t✇♦ ♣❤②s✐❝❛❧✲s②st❡♠s✿ t❤❡ ✐♥✐t✐❛❧
s②st❡♠ (N,B,W) ❛♥❞ ✐ts ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ α(nc) ❛♥❞ ❛ s❡❝♦♥❞ s②st❡♠ ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣
s♦♠❡ q✉❛♥t✐t② ♦❢ r❡s♦✉r❝❡ t♦ t❤❡ ✜rst ♦♥❡ (N ′, B′,W ′)✱ ❛♥❞ ✐ts ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ α(nc)
′
✳
❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t α(nc) ❝❛♥♥♦t ❜❡ P❛r❡t♦ s✉♣❡r✐♦r t♦ α(nc)
′
✳
❙✉♣♣♦s❡ t❤❛t t❤❡ s❡❝♦♥❞ s②st❡♠ ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ s♦♠❡ ♠❛❝❤✐♥❡s t♦ t❤❡ s②st❡♠
✭✐✳❡✳ N ′ > N✮✳ ❚❤❡♥✱ ❛s t❤❡ ♥♦♥ ❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡ ❛t ❡❛❝❤ ♠❛❝❤✐♥❡ ✐s ✐♥❞❡♣❡♥❞❡♥t✱ t❤❡
❡q✉✐❧✐❜r✐✉♠ ♦♥ t❤❡ N ♦r✐❣✐♥❛❧ ♠❛❝❤✐♥❡s ✇✐❧❧ ♥♦t ❜❡ ❛✛❡❝t❡❞ ❜② t❤❡ ♥❡✇ ♠❛❝❤✐♥❡s✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ✐♥ t❤❡ ♥❡✇ ♠❛❝❤✐♥❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥
✇✐❧❧ ❜❡ str✐❝t❧② ♣♦s✐t✐✈❡✱ t❤❡♥ ♥❡❝❡ss❛r② α(nc)
′
✐s str✐❝t❧② P❛r❡t♦ s✉♣❡r✐♦r t♦ α(nc)✳
❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ s❡❝♦♥❞ s②st❡♠ ❝♦♥s✐sts ♦❢ N ♠❛❝❤✐♥❡s ✇✐t❤ r❡s♣❡❝t✐✈❡ ❜❛♥❞✲
✇✐❞t❤ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❛♣❛❝✐t✐❡s B′ ❛♥❞ W ′✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛✉❣♠❡♥t❡❞ s②st❡♠




✷✹ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐
❈♦♥s✐❞❡r t❤❡ ❡q✉✐✈❛❧❡♥t s✉❜s②st❡♠s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ t❤❡ ❛✉❣♠❡♥t❡❞ s②st❡♠s (N, B̃, W̃)
❛♥❞ (N, B̃′, W̃ ′) ✭❞❡✜♥❡❞ ❛s ✐♥ ▲❡♠♠❛ ✷✮✳ ❚❤❡♥✱ ❢r♦♠ ▲❡♠♠❛ ✸✱ ✇❡ ❤❛✈❡ ∀n, B̃n 6 B̃′n
❛♥❞ W̃n 6 W̃ ′n✳ ❆s t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ α
(nc) ❛♥❞ α(nc)
′
❛r❡ ❜♦t❤ P❛r❡t♦ ♦♣t✐♠❛❧ ✐♥ t❤❡s❡




■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ✉♥❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦r ♦❢ s♦♠❡ t②♣✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ♦❝❝✉r
❡✈❡♥ ❢♦r P❛r❡t♦ ♦♣t✐♠❛❧ s✐t✉❛t✐♦♥s✳ ❚♦ ❡♥s✉r❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡
❝♦♥s✐❞❡r ❛♣♣❧✐❝❛t✐♦♥s r✉♥♥✐♥❣ ♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r ✭Pr♦♣✳ ✸✮✳
❲❡ r❡❝❛❧❧ t❤❛t t❤❡ P❛r❡t♦ ♦♣t✐♠❛❧✐t② ✐s ❛ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡✳ ❨❡t✱ ✐t ✐s
♣♦ss✐❜❧❡ t❤❛t✱ ✇❤✐❧❡ t❤❡ r❡s♦✉r❝❡s ♦❢ t❤❡ s②st❡♠ ✐♥❝r❡❛s❡ ✭❡✐t❤❡r ❜② t❤❡ ❛❞❞✐♥❣ ♦❢ ❝❛♣❛❝✐t②
t♦ ❛ ❧✐♥❦ ♦r ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❛♣❛❜✐❧✐t✐❡s t♦ ❛ ♣r♦❝❡ss♦r✮✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡ ♦❢ ❛
❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥ ❞❡❝r❡❛s❡s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✐❧❧✉str❛t❡ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ♦♥
s♦♠❡ t②♣✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ s❤♦✇ t❤r♦✉❣❤ ❡①❛♠♣❧❡s t❤❡ ♥♦♥✲♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ♠❛①✐♠❛❧
t❤r♦✉❣❤♣✉t ✭❙✉❜s❡❝t✐♦♥ ✺✳✷✮✱ ♦❢ t❤❡ ♠✐♥✐♠❛❧ t❤r♦✉❣❤♣✉t ✭❙✉❜s❡❝t✐♦♥ ✺✳✸✮ ❛♥❞ ♦❢ t❤❡
❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t ✭❙✉❜s❡❝t✐♦♥ ✺✳✹✮✳ ❲❡ ✜♥❛❧❧② ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡
❛❧❧ t❤❡s❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❞❡❝r❡❛s❡ s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ r❡s♦✉r❝❡s✳
❲❡ ❝❛♥ ♥♦t❡ t❤❛t ❛❧❧ ♦❢ t❤❡s❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ♥♦♥✲
♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❛ ❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥ ✭α(nc)k ✮✱ ✇❤✐❝❤ ✇❡ ❤❡♥❝❡ ❛♥❛❧②t✐❝❛❧❧②
st✉❞② ✭❙✉❜s❡❝t✐♦♥ ✺✳✶✮✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s✉♣♣♦s❡ t❤❛t ♦♥❧② ♦♥❡ ♦❢ t❤❡ r❡s♦✉r❝❡ ♦❢ t❤❡ s②st❡♠ ✐♥❝r❡❛s❡s✳
❇② s②♠♠❡tr②✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❛♣❛❝✐t② ✭Wn✮ ✐s ❝♦♥st❛♥t✱ ✇❤✐❧❡ t❤❡
❧✐♥❦ ❝❛♣❛❝✐t② Bn ✐♥❝r❡❛s❡s✳
✺✳✶ ❱❛r✐❛t✐♦♥ ♦❢ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❛ ❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥
❊✈❡♥ ♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ♥♦t ❛ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳
❊✈❡♥ ✇♦rs❡✱ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳
❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ❛t t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✭✶✮✱ ✇❡ ❝❛♥ ❞✐st✐♥❣✉✐s❤ 3
❝❛s❡s ✿
❼ ✷ ✧s❛t✉r❛t❡❞✧ s✐t✉❛t✐♦♥s t❤❛t ❛r❡ ✿

























✱ ✐✳❡✳ t❤❡ t❤r♦✉❣❤♣✉t

















◆♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦ ❛♣♣❧✐❝❛t✐♦♥s ✷✺
❖❜✈✐♦✉s❧②✱ ✐♥ t❤❡ ✧s❛t✉r❛t❡❞✧ s✐t✉❛t✐♦♥s✱ t❤❡ t❤r♦✉❣❤♣✉t α(nc)n,k ❛r❡ ✐♥❝r❡❛s✐♥❣ ♦r ❝♦♥✲
























✳ ■t ✐s ❤❡♥❝❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡
❛❝t✉❛❧ ♠❛①✐♠✉♠ ❛❝❤✐❡✈❛❜❧❡ ❞❡❣r❛❞❛t✐♦♥✳
































❙✉♣♣♦s❡ ♥♦✇ t❤❛t ∀p 6= k, cp = K ❛♥❞ ck = 1✳ ❚❤❡♥
α❜❡❢♦r❡
α❛❢t❡r
∼ K/2✳ ❍❡♥❝❡✱ ✇❤❡♥ t❤❡
♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❣r♦✇s t♦ ✐♥✜♥✐t②✱ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❤❛✈✐♥❣ t❤❡
s♠❛❧❧❡r ck ❛❧s♦ ❣r♦✇s t♦ ✐♥✜♥✐t②✳
❘❡♠❛r❦ ✷✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ t❤❡ s♠❛❧❧❡r ❝♦❡✣❝✐❡♥t ck ✐s t❤❡ ♠♦st ♣❡♥❛❧✐③❡❞ ❜② ❛♥
✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡✳
✺✳✷ ▼❛①✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡
❲❡ s❤♦✇ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t ❡✈❡♥ ✐♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r s②st❡♠✱ t❤❡ ♠❛①✐♠❛❧ t❤r♦✉❣❤♣✉t




















b = {5, 4, 6, 2},
w = {3, 4, 7, 5},
K = 4,
Wn = 10.
❋✐❣✉r❡ ✺✿ ❚❤❡ ♠❛①✐♠❛❧ t❤r♦✉❣❤♣✉t ❝❛♥ ❞❡❝r❡❛s❡ ✇❤✐❧❡ t❤❡ r❡s♦✉r❝❡ ✭t❤❡ ❜❛♥❞✇✐❞t❤✮
✐♥❝r❡❛s❡s✳
❚❤❡♦r❡♠ ✼✳ ■♥ ❛ s②st❡♠ ✇✐t❤ K ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ ❢♦r ❛ ❣✐✈❡♥ Wn✱
❘❘ ♥➦ ✺✽✶✾
✷✻ ❆✳ ▲❡❣r❛♥❞✱ ❈✳ ❚♦✉❛t✐




K t❤❡ ❛♣♣❧✐❝❛t✐♦♥ k ❤❛✈✐♥❣ t❤❡ ❤✐❣❤❡r t❤r♦✉❣❤♣✉t α
(nc)
n,k ✐s t❤❡ ♦♥❡
❤❛✈✐♥❣ t❤❡ s♠❛❧❧❡r ✈❛❧✉❡ ♦❢ bk✳




K t❤❡ ❛♣♣❧✐❝❛t✐♦♥ k ❤❛✈✐♥❣ t❤❡ ❤✐❣❤❡r t❤r♦✉❣❤♣✉t α
(nc)
n,k ✐s t❤❡ ♦♥❡
✇❤♦s❡ wk ✐s t❤❡ s♠❛❧❧❡st✳
❆❞❞✐t✐♦♥❛❧❧②✱ ❢♦r ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ ck✱ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ❤✐❣❤❡r t❤r♦✉❣❤♣✉t ✇❤❡♥ Bn






✳ ❍❡♥❝❡✱ ❢♦r ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡s ♦❢ mink bk ❛♥❞ mink wk
✭❢♦r ❛❧❧ ck ✜①❡❞✮✱ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳
Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s②st❡♠ ✇✐t❤ K ❛♣♣❧✐❝❛t✐♦♥s✱ ✇✐t❤ ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ ck ❛♥❞ ❛ ❣✐✈❡♥
✈❛❧✉❡ ♦❢ Wn✳ ❚❤❡♥✱



















❼ ❛♥❞ ✇❤❡♥ Bn =
ckWn







❍❡♥❝❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❤❛✈✐♥❣ t❤❡ ❤✐❣❤❡r t❤r♦✉❣❤♣✉t ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ✐♥ satBn ❛♥❞ satWn







❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡ ❡①❛♠♣❧❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺✳ ❆s maxk wk = w1 ❛♥❞ mink bk =
b4✱ t❤❡♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❤❛✈✐♥❣ t❤❡ ❤✐❣❤❡r t❤r♦✉❣❤♣✉t ✐s ❛♣♣❧✐❝❛t✐♦♥ 1 ✐♥ satBn ❛♥❞
❛♣♣❧✐❝❛t✐♦♥ 4 ✐♥ satWn✱ ❛♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ✐s 90/79✳
✺✳✸ ▼✐♥✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡
❲❡ s❤♦✇ ❤❡r❡ ❛ s✐♠✐❧❛r r❡s✉❧t ❛s ✇❤❛t ✇❡ ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷ ❢♦r t❤❡ ♠✐♥✐♠❛❧ t❤r♦✉❣❤✲
♣✉t✳ ❚❤❛t ✐s✱ ❡✈❡♥ ✐♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r s②st❡♠✱ t❤❡ ♠✐♥✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❞❡❝r❡❛s❡
✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ r❡s♦✉r❝❡✳ ❲❡ ✐❧❧✉str❛t❡ t❤✐s ♣r♦♣❡rt② ✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡
✭❋✐❣✳ ✻✮✳
❚❤❡♦r❡♠ ✽✳ ■♥ ❛ s②st❡♠ ✇✐t❤ K ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ ❢♦r ❛ ❣✐✈❡♥ Wn✱





t❤❡ ❛♣♣❧✐❝❛t✐♦♥ k ❤❛✈✐♥❣ t❤❡ s♠❛❧❧❡r t❤r♦✉❣❤♣✉t α
(nc)
n,k ✐s t❤❡
♦♥❡ ❤❛✈✐♥❣ t❤❡ ❧❛r❣❡st ✈❛❧✉❡ ♦❢ wk✳




K t❤❡ ❛♣♣❧✐❝❛t✐♦♥ k ❤❛✈✐♥❣ t❤❡ ❧♦✇❡r t❤r♦✉❣❤♣✉t α
(nc)
n,k ✐s t❤❡ ♦♥❡
✇❤♦s❡ bk ✐s t❤❡ ❧❛r❣❡st✳
❆❞❞✐t✐♦♥❛❧❧②✱ ❢♦r ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ ck✱ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ s♠❛❧❧❡r t❤r♦✉❣❤♣✉t ✇❤❡♥ B






✳ ❍❡♥❝❡✱ ❢♦r ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡s ♦❢ maxk bk ❛♥❞ maxk wk
✭❢♦r ❛❧❧ ck ✜①❡❞✮✱ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳
■◆❘■❆


















b = {5, 7, 10, 4},
w = {4, 7, 14, 6},
K = 4,
W = 10.
❋✐❣✉r❡ ✻✿ ❚❤❡ ♠✐♥✐♠❛❧ t❤r♦✉❣❤♣✉t ❝❛♥ ❞❡❝r❡❛s❡ ✇✐t❤ t❤❡ r❡s♦✉r❝❡ ✭❤❡r❡ t❤❡ ❜❛♥❞✇✐❞t❤✮
Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s②st❡♠ ✇✐t❤ K ❛♣♣❧✐❝❛t✐♦♥s✱ ✇✐t❤ ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ ck ❛♥❞ ❛ ❣✐✈❡♥
✈❛❧✉❡ ♦❢ Wn✳ ❚❤❡♥✱




























❍❡♥❝❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❤❛✈✐♥❣ t❤❡ s♠❛❧❧❡r t❤r♦✉❣❤♣✉t ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ✐♥ satBn ❛♥❞
satWn ✭❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣ ✻✮ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❛❞❛t✐♦♥ ✇❤❡♥ Bn ❣r♦✇s ❢r♦♠






❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡ ❡①❛♠♣❧❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳ ❆s ❛r❣♠❛①{wk} = ❛r❣♠❛①{bk} =
3✱ t❤❡♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❤❛✈✐♥❣ t❤❡ ❧♦✇❡r t❤r♦✉❣❤♣✉t ✐s ❛♣♣❧✐❝❛t✐♦♥ 3 ✐♥ ❜♦t❤ satBn ❛♥❞
satWn✱ ❛♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ✐s 56/47✳
✺✳✹ ❆✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t✱ ❛♥❞ ✐❧❧✉str❛t❡
♦✉r r❡s✉❧t ✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ✭❋✐❣✳ ✼✮✳
❚❤❡♦r❡♠ ✾✳ ❈♦♥s✐❞❡r✱ ❛s ❛ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡✱ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t❤r♦✉❣❤✲
♣✉ts✳ ❚❤❡♥✱ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡s❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡ ✇❤❡♥ B ✐♥❝r❡❛s❡ ❝❛♥ ❜❡ ❛r❜✐✲
tr❛r✐❧② ❧❛r❣❡✳
Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ s②st❡♠ ✇✐t❤ K ❛♣♣❧✐❝❛t✐♦♥s✱ ✇✐t❤ ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ ck ❛♥❞ ❛ ❣✐✈❡♥ ✈❛❧✉❡



















































✳ ❙✉♣♣♦s❡ ❢✉rt❤❡r t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡































b ❂ ④ ✶✺✱✶✼✱✷✱✶⑥,
w ❂ ④ ✶✹✱✶✼✱✸✱✷⑥,
❑❂✹,
Wn ❂✶✵.
❋✐❣✉r❡ ✼✿ ❚❤❡ ❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t ❝❛♥ ❞❡❝r❡❛s❡ ✇✐t❤ t❤❡ r❡s♦✉r❝❡ ✭❤❡r❡ t❤❡ ❜❛♥❞✇✐❞t❤✮
✺✳✺ ❆❧❧ ♠❡❛s✉r❡s ❝♦♥s✐❞❡r❡❞ s✐♠✉❧t❛♥❡♦✉s❧②
❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ✇❡ ❝♦♥s✐❞❡r❡❞
❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② ❞❡❣r❛❞❡❞ ✇❤❡♥ t❤❡ ❜❛♥❞✇✐❞t❤ Bn ♦❢ t❤❡ ❧✐♥❦ ❝♦♥♥❡❝t✐♥❣ t❤❡ ♠❛st❡r
t♦ t❤❡ s❧❛✈❡ ✐s ✐♥❝r❡❛s❡❞✳
❈♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✽✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❤❡♥ t❤❡ ❜❛♥❞✇✐❞t❤ B
✐s 9.5 t❤❡ t❤r❡❡ ♠❡❛s✉r❡s ✭♥❛♠❡❧② t❤❡ ❤✐❣❤❡r t❤r♦✉❣❤♣✉t✱ t❤❡ ❧♦✇❡r t❤r♦✉❣❤♣✉t ❛♥❞ t❤❡
❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t✮ ❤❛✈❡ ❧♦✇❡r ✈❛❧✉❡s t❤❛♥ ✇❤❡♥ t❤❡ ❜❛♥❞✇✐❞t❤ B ✐s ♦♥❧② ❡q✉❛❧ t♦ 7.9✳
✻ ❈♦♥❝❧✉s✐♦♥
❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ s✐♠♣❧❡ ②❡t r❡❛❧✐st✐❝ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ s②st❡♠✲❧❡✈❡❧ ❢❛✐r♥❡ss ❢❛✐❧s t♦
❛❝❤✐❡✈❡ ❛ r❡❧❡✈❛♥t ❛♣♣❧✐❝❛t✐♦♥✲❧❡✈❡❧ ❢❛✐r♥❡ss✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ s②st❡♠ ❛❝❤✐❡✈❡s ❛ ♣❡r❢❡❝t
s❤❛r✐♥❣ ♦❢ r❡s♦✉r❝❡s ❜❡t✇❡❡♥ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ✉s❛❣❡ ♦❢ t❤❡ s②st❡♠ ❧❡❛❞s
t♦ ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ❞❡❣r❛❞❛t✐♦♥ ❛♥❞ r❡s♦✉r❝❡ ✇❛st✐♥❣✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞
t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦ ❛♥❞ ❡①t❡♥s✐✈❡❧②
st✉❞✐❡❞ ✐ts ♣r♦♣❡rt②✳ ❙✉r♣r✐s✐♥❣❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s P❛r❡t♦✲♦♣t✐♠❛❧ ♦♥ ❡❛❝❤ ✇♦r❦❡r
✐♥❞❡♣❡♥❞❡♥t❧②✳ ❍♦✇❡✈❡r✱ ✐t ♠❛② ♥♦t ❜❡ ❣❧♦❜❛❧❧② P❛r❡t♦✲♦♣t✐♠❛❧✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ♥♦
■◆❘■❆























b = {7, 5, 8, 1},
w = {4, 5, 12, 2},
K = 4,
Wn = 10.
❋✐❣✉r❡ ✽✿ ❚❤❡ t❤r❡❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ❞❡❝r❡❛s❡ ✇✐t❤ t❤❡ r❡s♦✉r❝❡
❇r❛❡ss✲❧✐❦❡ ♣❛r❛❞♦①✐❝❛❧ s✐t✉❛t✐♦♥s ❝♦✉❧❞ ♦❝❝✉r✱ ✇❤✐❝❤ ✐s✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡
✜rst s✐t✉❛t✐♦♥ ✇❤❡r❡ P❛r❡t♦✲✐♥❡✣❝✐❡♥t ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥♥♦t ❧❡❛❞ t♦ ❇r❛❡ss✲
❧✐❦❡ ♣❛r❛❞♦①✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ s✉❝❤ s✐t✉❛t✐♦♥s ❝❛♥♥♦t ♦❝❝✉r✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡
❡q✉✐❧✐❜r✐✉♠ ❛r❡ r❡❧❛t✐✈❡❧② ♣♦♦r ❛♥❞ ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❜❛❞ ❢♦r ❛♥② ❝❧❛ss✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡
♠❡❛s✉r❡✳
❚❤❡ ❦❡② ❤②♣♦t❤❡s✐s ❢♦r ❞❡r✐✈✐♥❣ ❛ ❝❧♦s❡❞✲❢♦r♠ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐❛ ✐s t❤❡ ♠✉❧t✐✲
♣♦rt ❤②♣♦t❤❡s✐s✳ ❯♥❞❡r t❤✐s ❤②♣♦t❤❡s✐s✱ s♦♠❡ t✐♠❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❧♦st ✇❤❡♥ ✉s✐♥❣
❡q✉✐✈❛❧❡♥t r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❤✐❝❤ r❡s✉❧t❡❞ ✐♥ s✐♠♣❧❡r ❡q✉❛t✐♦♥s t❤❛♥ ✐❢ ❛ ✶✲♣♦rt ♠♦❞❡❧
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